
Chapter 21
On the Hadronic Mass Spectrum: 2014

Johann Rafelski

Abstract The understanding of Hagedorn’s pivotal discovery, the exponential mass
spectrum, evolved rapidly. Some of the insights have since been lost from view—I
recall the relevance of the preexponential power index a. Moving forward to current
lattice QCD computation of QGP properties I describe an emerging relationship.

21.1 Data and Hadron Mass Spectrum

Fits of Hadron Mass Spectrum

The number of known hadronic states more than tripled since Hagedorn performed
his analysis of the shape of the mass spectrum, see Chap. 20. This provides an
opportunity for an important cross-check of the Hagedorn analysis. I will now
briefly describe the key new insights.

The Krakow group [1, 2] considered the integrated (‘accumulated’) spectrum

R.M/ D
Z M

0

�.m/dm (21.1)

and they also break the large set of hadron resonances into different classes, e.g.
non-strange/strange hadrons, or mesons/baryons. While Hagedorn-type approach
requires smoothing of the spectrum, adopting an effective Gaussian width for all
hadrons, the integrated spectrum Eq. (21.1) allows one to address directly the step
function arising from integrating the discrete hadron mass spectrum, i.e. avoiding
the Hagedorn smoothing.

One could think that the Hagedorn smoothing process loses information that is
now available in the new approach. However, it turns out that a greater information
loss comes from the consideration of the integrated ‘signal’. This is seen in the
results of Krakow group by noting that the fitted value of TH is strongly varying
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Fig. 21.1 Contemporary
mass spectrum fit (short
dashed) compared to 1968 fit
of Hagedorn (long dashed):
the case of power law scaling
a D 3 is shown for
parameters and also other
values of a see Table 21.1

in dependence on supplementary hypotheses made about the procedure, with the
value of TH changing by 100s MeV. This probably means that the integrated mass
spectrum Eq. (21.1), aside of the physical parameter fit, also has other good fits.
The likely cause of the TH instability is that these artifacts produce the best fit at
an unphysical parameter set. This situation is not uncommon when considering any
integrated signal function.

My own work [3, 4] has been more modest, an ‘almost’ redo of the original
Hagedorn fit and is shown in Fig. 21.1. A comparison of the original Hagedorn fit,
long dashed line in Fig. 21.1, with an analysis involving more than 5,000 hadron
states; short dashed line suggests that results are highly compatible. However, there
are a few caveats. The hadron mass spectrum that was fitted is

�.m/ D c
em=TH

.m2
0 C m2/a=2

(21.2)

All three parameters TH ;m0; c are varied and find their best value. Hagedorn fixed
m0 D 0:5GeV as he was working in the limit m � m0, and this is clearly not
the case as the mass spectrum available experimentally is limited to a range m <

1:7GeV. The introduction of a fitted value m0 is necessary to improve the spectrum
for low values of m.

The pre-exponential power value a D 2:5 in Eq. (21.2) corresponds to Hage-
dorn’s original work, Eq. (20.6). However, several years later following further
developments described below in Chap. 23, the value a D 3 was obtained.
Moreover, a D 2:5 leads to divergent energy density and excludes the phase
transformation of HG to a new phase. Thus it must not be used considering existence
of QGP.
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Table 21.1 Parameters of Eq. (21.2) fitted for a prescribed pre-exponential power a results from
[4]. Note that the value of c for a D 2:5 corresponds to c D 2:64 � 104 MeV3=2 in excellent
agreement to the value shown in Fig. 20.1

a c.GeVa�1/ m0.GeV/ TH.GeV/

2.5 0.83479 0.6346 0.16536

3 0.69885 0.66068 0.15760

3.5 0.58627 0.68006 0.15055

4 0.49266 0.69512 0.14411

The results shown in Fig. 21.1 are thus given for a D 3. The requirement that TH

is a transformation temperature between phases favors larger values of a and thus a
range a 2 Œ2:5–4� is presented in Table 21.1; fits obtained in 1994 were for a slightly
smaller set of hadrons [4] than is available today. We see that as the pre-exponential
power law a increases, the fitted value of TH decreases.

The Value of the Power Index ‘a’

In the first Hagedorn mass spectrum paper Chap. 20, in Eq. (21.2) the values
m0 D 0:5GeV and the power index a D 2:5 are assumed in the fit presented in
Fig. 20.1. Upon the exact solution of the bootstrap equation it was recognized that
the precise form of singularity that SBM condition generates requires a D 3, for
references see Chap. 22, entries in Fig. 22.2, bottom left square and presentation
of SBM, Eq. (23.12). A further requirement is imposed in order to assure that the
Hagedorn Temperature is a phase transition temperature. For this to be true the
energy density must remain finite when �T 	 T � TH ! 0, and this requires
a � 7=2, see Table 23.1 and comments below this table, as well as the discussion
below Eq. (25.16). Inspection of the Table 21.1 shows that the condition a � 7=2

corresponds to TH � 151MeV.
Given the extensive literature within the SBM context pointing at a D 3 and

the phase transition studies which require a � 7=2, it is hard to understand why
modern studies of the mass spectrum have all focused on a D 2:5, a value which
is obsolete. This assumption produces the highest value of TH but is inconsistent
with the physics pictures that emerged in regard to SBM, and later of a phase
transformation of HG to QGP.

Elaborate lattice-QCD numerical computations of QGP to HG transformation
regime are available today [5–7]: the Hot-QCD collaboration [6] converged for 2C1
flavors towards Tc D 154 ˙ 9MeV. One of the works of the Wuppertal-Budapest
collaboration [8] suggests a low Tc ' 145MeV. However, this low value depends
on the choice of the phase transformation tracking observable. The latest report of
this group [7] mentions Tc ' 150MeV. All current lattice-QCD TH results are thus
according to tabulation in Table 21.1 favoring a D 3:5, which is the lowest value
allowing for a finite energy density near HG phase boundary, see Table 23.1.
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In the above Table 21.1, a value of a is not preferred experimentally: all fits
shown are of comparable quality when all three model parameters TH ;m0; c are
allowed to vary. If, however, a fixed value of m0 is arbitrarily prescribed, as was
done by Hagedorn who was compelled half a century ago by limited experimental
information, the quality of the fit to the present day data will diminish. For example
[9] fixes m0 D 0:5GeV at a D 2:5, i.e. Hagedorn’s 1968 parameter choices.
Applying the Krakow group method approach, this fit produces with present day
data TH D 0:174GeV. We keep in mind that the assumed value of a is incompatible
with SBM, while the assumption of a relatively small m0 D 0:5GeV is forcing a
relatively large value of TH .

21.2 Quarks and QCD

Lattice-QCD Trace Anomaly Constraint

Arguably, the most important recent step forward in regard to improving the
Hagedorn mass spectrum analysis is the realization that one can infer impor-
tant information about the hadron mass spectrum from lattice-QCD numerical
results [10]. The lattice-QCD effort has a relatively easy numerical access to the
trace anomaly of the energy-momentum tensor expressed in units of T4, the so called
‘interaction measure’

I.T/ D � � 3P

T4
: (21.3)

This quantity vanishes in scale invariant theory, for example for (effectively)
massless and free gas of quarks and gluons. For interacting gas of quarks and
gluons the QCD scale parameter generates a non-vanishing result, but asymptotic
freedom implies that interaction effects decrease with increasing temperature of
QGP. Accordingly, I.T/, Eq. (21.3) is seen to decrease from a relatively high value
achieved when quarks and gluons turn into hadrons, see the high T domain shown
in Fig. 21.2. For low temperature, where we do not expect a deconfined quark-
gluon phase, the rise of I.T/ with T indicates that with increasing temperature more
massive hadron states become relevant.

At temperatures below QGP formation I.T/, Eq. (21.3) is derived from the
contribution of each hadron species folded into the hadron mass spectrum. In the
Boltzmann limit Eq. (10.60) in [11] reads

IBoltz.T/ D
Z

dm�.m/
x3

2�2
K1.x/; x D m=T; (21.4)

where the degeneracy g of each state of mass m is renamed �.m/ and the continuous
integral, rather than discrete sum, is introduced.
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Fig. 21.2 The comparison of
interaction measure with
hadron resonance gas, latest
lattice-QCD results, after [7]

The Boltzmann limit is, however, not accurate as the power law expansion of the
quantum distribution shows. Adopting Eq. (10.68) in [11], the result is

IQ.T/ D
Z

dm�.m/
1X

nD1

.f /nC1

n

x3

2�2
K1.nx/; x D m=T; (21.5)

where f D �= C 1 for Fermions=Bosons. The temperature domain of interest for
us is T < 175MeV. The presence of the relatively light boson, the pion, with a
mass within this temperature domain means that we must include bosonic quantum
corrections. While the results of [10] suggested the need for some additional
undiscovered resonances, the comparison shown in [7], see Fig. 21.2, suggests that
agreement between hadron resonance gas (HRG, dashed line in the figure) and
current lattice-QCD results (uncertainty domains shown, techniques will not be
discussed here) is achieved just with the known hadron set of states.

In the context of the search for a better understanding of the hadron mass
spectrum and the determination of Hagedorn Temperature TH , the trace anomaly
can fill a very important information gap. Given a parametrized mass spectrum
shape, such as is Eq. (21.2), one must fit both, the experimental hadron mass
spectrum, as well as the numerical lattice-QCD trace anomaly. Such a joint approach
could produce a more unique phenomenological determination of both TH and favor
a value for the pre-exponential power a.

Quark Bags and the Hadron Mass Spectrum

There are additional challenges arising from the prophetic work on the hadron mass
spectrum by Hagedorn, Chap. 20. Hagedorn’s paper closes with remarks about the
possibility that the multitude of quark bound states could relate to an exponential
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mass spectrum. This indeed is the case. Several quantitative implementations of
this idea appeared in literature beginning in 1976 [12]. In 1981 Joe Kapusta [13]
writes in his abstract: “A statistical evaluation of the mass spectrum in the (quark)
bag model is made . . . (which) behaves asymptotically as �.m/ / c m�3exp.m=TH/,
. . . this model satisfies the strong bootstrap condition. . . . The thermodynamics of
a system of such composite hadrons naively exhibits a maximum temperature T0.
However, . . . first-order phase transition to a gas of free elementary fields is found at
a temperature Tc D 1:05TH.”

This work has stimulated continued interest in evaluation of hadron mass
spectrum based on quark bag model. However, given that the naive bag model is
known to predict hadron states not found in experimental searches, this path cannot
be trusted to produce in quantitative terms a result of phenomenological importance.
Cohen and Krejcirik [14] criticizes also in this context the current widely accepted
Hagedorn approach and Hagedorn Temperature. For reasons already described, and
in particular in consideration of the loss of information for the integrated mass
spectrum, we do not share in any of the views presented in this work.

Open Access This book is distributed under the terms of the Creative Commons Attribution Non-
commercial License which permits any noncommercial use, distribution, and reproduction in any
medium, provided the original author(s) and sources are credited.

References

1. W. Broniowski, W. Florkowski, L.Y. Glozman, Phys. Rev. D 70, 117503 (2004)
2. W. Broniowski, W. Florkowski, Phys. Lett. B 490, 223 (2000)
3. J. Letessier, J. Rafelski, Evaluation made for the CERN Courier article in honor of

R. Hagedorn, see Chap. 6 and Fig. 6.2, based on the method of [4] (unpublished)
4. A. Tounsi, J. Letessier, J. Rafelski, Hadronic matter equation of state and the hadron mass

spectrum, in Proceedings of Divonne 1994, Hot hadronic matter. NATO-ASI Series B, vol.
356 (1995), pp. 105–116

5. G. Endrodi, Z. Fodor, S.D. Katz, K.K. Szabo, JHEP 1104, 001 (2011)
6. A. Bazavov et al., Phys. Rev. D 85, 054503 (2012)
7. S. Borsanyi, Z. Fodor, C. Hoelbling, S.D. Katz, S. Krieg, K.K. Szabo, Phys. Lett. B 730, 99

(2014)
8. S. Borsanyi, Nucl. Phys. A904-905 2013, 270c (2013); Presentation at 23rd International

Conference on Ultrarelativistic Nucleus-Nucleus Collisions (QM 2012), Washington, DC, 13–
18 August 2012

9. J. Cleymans, D. Worku, Mod. Phys. Lett. A 26, 1197 (2011)
10. A. Majumder, B. Muller, Phys. Rev. Lett. 105, 252002 (2010)
11. J. Letessier, J. Rafelski, Hadrons and quark-gluon plasma. Camb. Monogr. Part. Phys. Nucl.

Phys. Cosmol. 18, 1 (2002)
12. J. Baacke, Acta Phys. Polon. B 8, 625 (1977)
13. J.I. Kapusta, Phys. Rev. D 23, 2444 (1981)
14. T.D. Cohen, V. Krejcirik, J. Phys. G 39, 055001 (2012)



Chapter 22
SBM Guide to the Literature as of June 1972

Rolf Hagedorn

Abstract A large number of research papers motivated Rolf Hagedorn to prepare
a guide to the Statistical Bootstrap Model literature in mid-1972; he wanted to
show the reader a) which publications best prepare the uninitiated, b) how different
publications relate to each other, and c) he aimed to connect similar developments
into groups. The two figures classify in this fashion the research works, providing in
the rendition the relevant Refs. [[1]–[70]]. The editor updated all preprint citations
for the 2015 printing.

This guide contains two figures and a list of references. It is neither complete nor
unbiased.

Figure 22.1 gives the recommended reading sequence. After reading the intro-
ductory lectures (partly overlapping), the reader should be able to enter the lower
boxes at any place, though it might be advantageous to follow the given sequence.
The reader will notice overlaps and inconsistencies, because the reading sequence
does not coincide with the historical development.

Figure 22.2 tries to picture the logical (and roughly the historical) connections.
The isolated box with the name Koppe indicates that he was the first to contemplate
statistical and thermodynamical interpretations of pion production. Unfortunately,
his two papers came too early and went unnoticed. When two years later Fermi
elaborated the same idea in great detail, he obviously had no knowledge of Koppe’s
work.

In both figures, the sequence goes along top to bottom lines of connection, unless
indicated otherwise by an arrow.

Preprint CERN-TH 1535, dated 20 July 1972, see: http://cds.cern.ch/record/961894?ln=en
not intended as formal publication.

R. Hagedorn: (deceased) CERN-TH, 1211 Geneve 23, Switzerland
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Fig. 22.2 Logical connections with reference numbers
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