Exponential Ergodicity
of the Jump-Diffusion CIR Process
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Abstract In this paper we study the jump-diffusion CIR process (shorted as JCIR),
which is an extension of the classical CIR model. The jumps of the JCIR are intro-
duced with the help of a pure-jump Lévy process (J;, t > 0). Under some suitable
conditions on the Lévy measure of (J;, t > 0), we derive a lower bound for the tran-
sition densities of the JCIR process. We also find some sufficient conditions under
which the function V(x) = x, x > 0, is a Forster-Lyapunov function for the JCIR
process. This allows us to prove that the JCIR process is exponentially ergodic.
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functions - Stochastic differential equations
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1 Introduction

The Cox-Ingersoll-Ross model (or CIR model) was introduced in [1] by Cox et al.
in order to describe the random evolution of interest rates. The CIR model captures
many features of the real world interest rates. In particular, the interest rate in the
CIR model is non-negative and mean-reverting. Because of its vast applications in
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mathematical finance, some extensions of the CIR model have been introduced and
studied, see e.g. [2, 5, 15].

In this paper we study an extension of the CIR model including jumps, the so-
called jump-diffusion CIR process (shorted as JCIR). The JCIR process is defined as
the unique strong solution X := (X,, ¢t > 0) to the following stochastic differential
equation

dX; = a® — X,)dt + o/X,dW, +dJ,, Xo >0, (1)

where a, 0 > 0, 6 > 0 are constants, (W;,t > 0) is a 1-dimensional Brownian
motion and (J;, t > 0) is a pure-jump Lévy process with its Lévy measure v con-
centrated on (0, oo) and satisfying

/ (& A Do(dE) < oo, ®)
(0,00)

independent of the Brownian motion (W;, ¢ > 0). The initial value X¢ is assumed
to be independent of (W;,¢ > 0) and (J;,¢ > 0). We assume that all the above
processes are defined on some filtered probability space (£2, .#, (% )s>0, P). We
remark that the existence and uniqueness of strong solutions to (1) are guaranteed
by [7, Theorem 5.1].

The term a(@ — X;) in (1) defines a mean reverting drift pulling the process
towards its long-term value 6 with a speed of adjustment equal to a. Since the
diffusion coefficient in the SDE (1) is degenerate at O and only positive jumps are
allowed, the JCIR process (X;, t > 0) stays non-negative if Xo > 0. This fact can be
shown rigorously with the help of comparison theorems for SDEs, for more details
we refer the readers to [7].

The JCIR defined in (1) includes the basic affine jump-diffusion (or BAJD) as a
special case, in which the Lévy process (J;, ¢ > 0) takes the form of a compound
Poisson process with exponentially distributed jumps. The BAJD was introduced by
Duffie and Gérleanu [2] to describe the dynamics of default intensity. It was also
used in [5, 12] as a short-rate model. Motivated by some applications in finance, the
long-time behavior of the BAJD has been well studied. According to [12, Theorem
3.16] and [10, Proposition 3.1], the BAJD possesses a unique invariant probability
measure, whose distributional properties were later investigated in [9, 11]. We remark
that the results in [10, 11] are very general and hold for a large class of affine process
with state space R;, where R denotes the set of all non-negative real numbers. The
existence and some approximations of the transition densities of the BAJD can be
found in [6]. A closed formula of the transition densities of the BAJD was recently
derived in [9].

In this paper we are interested in two problems concerning the JCIR defined in (1).
The first one is to study the transition density estimates of the JCIR. Our first main
result of this paper is a lower bound on the transition densities of the JCIR. Our idea
to establish the lower bound of the transition densities is as follows. Like the BAJD,
the JCIR is also an affine processes in R... Roughly speaking, affine processes are
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Markov processes for which the logarithm of the characteristic function of the process
is affine with respect to the initial state. Affine processes on the canonical state space
Rﬂ x R”" have been investigated in [3, 5, 13, 14]. Based on the exponential-affine
structure of the JCIR, we are able to compute its characteristic function explicitly.
Moreover, this enables us to represent the distribution of the JCIR as the convolution
of two distributions. The first distribution is known and coincides with the distribution
of the CIR model. However, the second distribution is more complicated. We will
give a sufficient condition such that the second distribution is singular at the point 0.
In this way we derive a lower bound estimate of the transition densities of the JCIR.

The other problem we consider in this paper is the exponential ergodicity of
the JCIR. According to the main results of [10] (see also [12]), the JCIR has a
unique invariant probability measure 7, given that some integrability condition on
the Lévy measure of (J;,t > 0) is satisfied. Under some sharper assumptions we
show in this paper that the convergence of the law of the JCIR process to its invariant
probability measure under the total variation norm is exponentially fast, which is
called the exponential ergodicity. Our method is the same as in [9], namely we show
the existence of a Forster-Lyapunov function and then apply the general framework
of [16-18] to get the exponential ergodicity.

The remainder of this paper is organized as follows. In Sect.2 we collect some
key facts on the JCIR and in particular derive its characteristic function. In Sect. 3 we
study the characteristic function of the JCIR and prove a lower bound of its transition
densities. In Sect.4 we show the existence of a Forster-Lyapunov function and the
exponential ergodicity for the JCIR.

2 Preliminaries

In this section we use the exponential-affine structure of the JCIR process to derive
its characteristic functions.

We recall that the JCIR process (X;, t > 0) is defined to be the solution to (1) and
it depends obviously on its initial value Xo. From now on we denote by (X, > 0)
the JCIR process started from an initial point x > 0, namely

dX} = a0 — X )dt + o /X7 dW, +dJ,, X§=x. 3)

Since the JCIR process is an affine process, the corresponding characteristic func-
tions of (X}, ¢ > 0) is of exponential-affine form:

E[e”xlx] = PTGy = {u e C: Ru < 0}, 4)
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where Jiu denotes the real part of u and the functions ¢ (¢, u) and ¥ (¢, u) in turn are
given as solutions of the generalized Riccati equations

atlﬂ(t,u)ZR(l/f(t,u)), W(O,M)ZMG%,

with the functions F and R given by

F(u) = abu +/ (€6 — Dv(d§),

(0,00)
2.2

R(u) = - - au.

Solving the system (5) gives ¢ (¢, u) and v (¢, u) in their explicit forms:
uefat
V) = —————— (6)
1 —J u(l —e~9)
and
2

_ 240 o —a ' V(5.0
D) = — =5 log (1= S-u(l—ec ))+/O /(O)OO) (e —l)v(dé)ds. 7

Here the complex-valued logarithmic function log(-) is understood to be its main
branch defined on C \ {0}. For ¢t > 0 and u € % we define

2 2a0 —at

2a
P1( ) = (1= Zu(l = &™) 7 exp (——— ):
2a _ g—au(l o)

0r(f, 1) = exp (/Ot /OOO (e@/f@’“) — l)v(dé)ds), (8)

where the complex-valued power function z~24¢/ o’ = exp ( — (2a0/c?) log z) is
also understood to be its main branch defined on C\ {0}. One can notice that ¢» (¢, u)
resembles the characteristic function of a compound Poisson distribution.

It follows from (4), (6) and (7) that the characteristic functions of (X7, t > 0) is
given by

E[e] = o1(t,u, \)pa(t,u), ueU, 9)

where @1 (¢, u, x) and ¢»(t, u) are defined by (8).
According to the parameters of the JCIR process we look at two special cases:
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2.1 Special Case (i): v = 0, No Jumps

Notice that the case v = 0 corresponds to the classical CIR model (Y;,t > 0)
satisfying the following stochastic differential equation

dY} = a0 — Y})dt +0/Y dW;, Yi=x>0. (10)

It follows from (9) that the characteristic function of (¥;',¢ > 0) coincides with
@1(t,u, x), namely foru € %

E[Y] = o1(t, u, x). a1

It is well known that the classical CIR model (Y;*,¢ > 0) has transition density
functions f(z, x, y) given by

q
flt,x,y) = Ke_u_v(i)zlq (2auv)?) (12)
fort > 0,x > 0and y > 0, where
2
K= —a’ u=rxe “,
02(1 — e—“’)
2a0
vV =Ky, q= e 1,

and I, (-) is the modified Bessel function of the first kind of order g. For x = 0 the
formula of the density function f(t, x, y) is given by

F(6,0,y) = —— e (13)
T I'g+1)

fort >0andy > 0.

2.2 Special Case (ii): 0 = 0and x =0
We denote by (Z;, t > 0) the JCIR process given by

dZ[ Z—GZ[dl“FUw/ Z;th+dJ;, Z()ZO (14)

In this particular case the characteristic functions of (Z;, t > 0) isequal to ¢ (¢, u),
namely foru € %
E[e"“] = ga(t, u). (15)
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3 A Lower Bound for the Transition Densities of JCIR

In this section we will find some conditions on the Lévy measure v of (J;,¢# > 0)
such that an explicit lower bound for the transition densities of the JCIR process
given in (3) can be derived. As a first step we show that the law of X7, ¢ > 0, in (3)
is absolutely continuous with respect to the Lebesgue measure and thus possesses a
density function.

Lemma 1 Consider the JCIR process (X;,t > 0) (started from x > 0) that is

defined in (3). Then for any t > 0 and x > 0 the law of X{ is absolutely contin-
uous with respect to the Lebesgue measure and thus possesses a density function
p(t,x,y), y=0.

Proof As shown in the previous section, it holds
E[e"* ] = o1 (t,u, x)g2(t, u) = E[e""7|E["#],

therefore the law of X7, denoted by XFs is the convolution of the laws of Y;* and Z;.
Since (Y;*, t > 0) is the well-known CIR process and has transition density functions
ft,x,y),t > 0,x,y > 0 with respect to the Lebesgue measure, thus Hxx is also
absolutely continuous with respect to the Lebesgue measure and possesses a density
function.

In order to get a lower bound for the transition densities of the JCIR process we
need the following lemma.

Lemma 2 Suppose that f(o,l) EIn(1/&)v(dE) < oo. Then ¢; defined by (8) is the
characteristic function of a compound Poisson distribution. In particular, P(Z; =
0) > O forallt > 0, where (Z;,t > 0) is defined by (14).

Proof Tt follows from (6), (8) and (15) that

Ele qu] = @o(t, u) = exp (/ /(0 exp — (02/§2a)(1‘” e—ay)u) l)v(dé')ds),

where u € % . Define

t —as
a= | /«),oo) (o0 (= mpmasa —emom) ~ 1)eras

If we rewrite

xp (1 — (02/522—)(]:4_ e*‘”)u) = exp (ﬂa—uu)’ (16)
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where
2a&
o= m > 0,
o _
2ae?’ an
=— >0
F= s > "

then we recognize that the right-hand side of (16) is the characteristic function of a
Bessel distribution with parameters o and 8. Recall that a probability measure 1o, g
on (R+, ,%’(R+)) is called a Bessel distribution with parameters « and g if

o p(dx) = €80 (dx) + pe P /;‘—xn @/apx)dx, (18)

where § is the Dirac measure at the origin and /; is the modified Bessel function of
the first kind, namely

00 (lr2)k

Li(r) = Zm r € R.

For more properties of Bessel distributions we refer the readers to [8, Sect. 3] (see
also [4, p. 438] and [9, Sect. 3]). Let fi4,p denote the characteristic function of the
Bessel distribution j14, g With parameters « and 8 which are defined in (17). It follows
from [9, Lemma 3.1] that

) B au B éefasu
Hap(u) = exp (ﬂ —_u) = GxP (1 — (0%/2a)(1 — e—“f)u)'

Therefore

t

A= / / (Rl () — 1)V(dE)ds
0 J(0,00)
t ou
=/ / (eﬂ—u —e ¥4 — 1)V(d5)d8~

0 J(0,00)

Set

A _// (1 — e~*)v(dé)ds
0,00)
/ / _ o e '>)v(d§)ds (19)
(0,00)
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If L < oo, then

t ou
A= Bmt — e *)v(dE)ds — A
/0 /(0,00) (e e )V( §)ds
1 /! o
) o s 1)

The fact that 1 < oo will be shown later in this proof.

Next we show that the term (1/1) fé f(o,oo) (exp (au/(B—u))—exp(—a))v(d€)ds
can be viewed as the characteristic function of a probability measure p. To define p,
we first construct the following measures

M p(dx) 1= e b /;’—xll 2/apx)dx, x>0,

where [; is the modified Bessel function of the first kind. Noticing that the measure
mg, g is the absolute continuous component of the measure (14 g in (18), we easily
get

ou
=efu —e

o —a

’

"A'lot,ﬂ(u) = lla,ﬂ(u) —e

where ritg g (1) := [° €"*mq, p(dx) for u € 7% . Recall that the parameters o and B
defined by (17) depend on the variables £ and s. We can define a measure p on R

as follows: L
p = —/ / my, g v(d&)ds.
AJo J0,00)

By the definition of the constant A in (19) we get
1 13
pRy) = / / o p R )V(dE)ds
A Jo J0.00)

t
= l/ / (1 —e ¥ v(dé)ds
A Jo J0,00)
=1

i.e. p is a probability measure on R, and for u € %

pu) = / e"* p(dx)
(0,00)

1 /[t _ou_
= —/ / (eP~ — e *)v(d&)ds.
AJo J©,00)

Thus A = A(p(u) — 1) and E[e"%] = P=1) is the characteristic function of a
compound Poisson distribution.



Exponential Ergodicity of the Jump-Diffusion CIR Process 293

Now we verify that A < oo. Noticing that

A_// l—e”v(dé)ds
(0,00)
// | — o e w)v(ds)ds
(0,00)
_ 2a&
:/ / 1—e “2(6‘”*1))dsv(d$),
(0,00) /0

2a&
o2(e® — 1)

we introduce the change of variables :=y and then get

2a&
Z(eas _ 1)2

= E(%H)d

dy = — ae“ds

Therefore

2a§ 2%_
A= u(dg)/” ey — 5 g
/«),oo) 2aky + 022
- v(d l—e)—= 4
/(0,00) ( E)/ 2ag ( )Zaéy—i-ozyz Y

o2 (e 1)

=/ v(dé)/oo(l—e_y)Ld
0,00) ¢ 2ay +o2y2"”

o2 — 1)
2a

where § := . Define

M 1 25

Then M (&) is continuous on (0, 00). As & — 0 we get
ME) = / (1- B gy /Ooa R p—
ey
2a$y +o2y2 2aky 4 o2y?
y 1
2 —dy+ ———d
¢ 2aéy+o 2y2 dy 5/1 2a§y+ay Y

! 1
2 ———dy+2
<2 £ 2a€ + o2y Y é/l

28

5dy.
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Since

1 1

2§ 5
: —2a§ mn (;Zydy = ;[ln(Zaé +o y)]

28

o =

28

28
o2

< i + oo m(é) < o3t ln(é)

for sufficiently small &, we conclude that
1
M(§) < c4§ 1n(§), as & — 0.

If £ — oo, then

2& J
2aEy + o2y? Y

</°° 26 d<2§/°°1d
~Je 2aky+o?y? v = £ o2y? Y

N N N R R
_o_2/§ i =53

265 28
= —2— = — :=(5 < 0.
o2& o2 >

ME) < fo(l — e
5

Therefore,

1 00
A< C4/ Eln(é)V(dé) +05/ lv(d§) < oo.
0 1

In(2aé +o0%) — — In(2a§ + —)
o )

P. Jin et al.

With the help of the Lemma 2 we can easily prove the following proposition.

Proposition 1 Letr p(t,x,y), t > 0,x,y > 0 denote the transition density of the
JCIR process (X;,t > 0) defined in (3). Suppose that f(o l)Eln(%)v(df) < o0.

Then forallt > 0,x,y > 0 we have

p(tvx’ y) Z P(Zt = O)f(t’x’ y)’

where P(Z; = 0) > Oforallt > Oand f(t, x, y) are transition densities of the CIR

process (without jumps).

Proof According to Lemma 2, we have P(Z; = 0) > 0. Since

E[e"X1] = @1 (1, u, x)pa (1, u) = E["Y1 |E["%1],
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the law of X}, denoted by p x#, 1s the convolution of the laws of Y} and Z;. Thus
forall A € Z(R;)

pxx (A) =/R wyx (A —y)uz, (dy)

z/ wyx (A= y)uz, (dy)
{0)

sy (A)pz, (10D
P(Z; = 0)ys(A)

P(Z, ZO)/A [, x, y)dy,

IV 1V

v

where f(t, x, y) are the transition densities of the classical CIR process given in
(12). Since A € A(R,) is arbitrary, we get

p(t’-x»y) Z P(Zt ZO)f(t’xv y)

forallr > 0,x,y > 0.

4 Exponential Ergodicity of JCIR

In this section we find some sufficient conditions such that the JCIR process is
exponentially ergodic. We have derived a lower bound for the transition densities of
the JCIR process in the previous section. Next we show that the function V (x) = x,
x > 0, is a Forster-Lyapunov function for the JCIR process.

Lemma 3 Suppose that f(l,oo) Ev(d&) < oo. Then the function V(x) = x, x > 0,
is a Forster-Lyapunov function for the JCIR process defined in (3), in the sense that
forallt > 0, x >0,

E[V(X))]<e “V(x)+ M,

where 0 < M < o0 is a constant.

Proof We know that pxx = pyx * puz,, therefore
E[X;]1= E[Y]]1+ E[Z].

Since (Y;*,¢t > 0) is the CIR process starting from x, it is known that My is a
non-central Chi-squared distribution and thus E[Y;'] < oo. Next we show that
E[Z;] < 0.

Let u € (—o0, 0). By using Fatou’s Lemma we get
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euZ; -1
E[Z,] = E[nm ]

u—0 u
uZ; _ 1 E uZey _ 1
< liminf E[e ]=liminf Elerm] =1
u—0 u u—0 u

Recall that

as

Eue™!
E[e"?] = ¢a(t, u) = exp / / el ezt l)v(dé)ds) = (AW,
(0,00)
Then we have forall u <0

0 Eue
E(GXP (1 —(02/2a)(1 — e—aS)u) N 1)

_ gemas o ( Eue=9s )
(1 —(02)2a)(1 — efas)u)z 1 —(02/2a)(1 — e *S)u

Ee_as < Ee—as
(1= (02/2a)(1 — e=@)u)” ~

t
/ / Ee ¥v(dé)ds < oo.
0 J(0,00)

Thus A(u) is differentiable in u and

t _ —at
A'(0) =/ / Ee ¥v(dE)ds = l—e/ &v(d§).
0 J(0,00) a (0,00)

It follows that

IA

and further

ElZ,] < liminf 2201 =920
u—0 u
0@t u)
- ou
1—e™

at
= / Ev(dE).
a (0,00)

Therefore under the assumption / &Ev(d&) < oo we have proved that E[Z;] <
(0,00)

— eA(O)A/(O)

u=0

0o. Furthermore,

B, = - (Ele1)

_ —at
- / £v(de).
u=0 a (0,00)
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On the other hand,

—at

E["""]= (1 — (0% /2a)u(l — eim))izae/gz exp (1 — (UZ/XZL;;(I - e_‘”)).

With a similar argument as above we get

=6(1 —e ) 4+ xe 9.

u=

E[Y'] = %(E[e‘”f])

Altogether we get

E[X] = E[Y"] + E[Z,]

_ ,—at
—(1—e )0+ 1—e) toxe
a

1
<O+ = +xe ¥,
a

namely
1
EIVXDI =6+ -+ eV (x).

Remark 1 If f( 1.00) &v(d&) < oo, then there exists a unique invariant probability
measure for the JCIR process. This fact follows from [12, Theorem 3.16] and [10,
Proposition 3.1].

Let || - ||7v denote the total-variation norm for signed measures on R, namely

lullry = sup  {lu(A)}
AcBRS)

Let P'(x, -) := P(X} € -) be the distribution of the JCIR process at time ¢ started
from the initial point x > 0. Now we prove the main result of this paper.

Theorem 1 Assume that

/ Ev(dE) < oo and Sln(l)v(dé) < 0.
(1,00) ) §

0,1

Let  be the unique invariant probability measure for the JCIR process. Then the
JCIR process is exponentially ergodic, namely there exist constants 0 < B < 1 and
0 < B < oo such that

IP'(x,") —mlry < B(x+1)B", >0, xeRy. (20)

Proof Basically, we follow the proof of [18, Theorem 6.1]. For any 6 > 0 we

consider the §-skeleton chain ;) := X, n € Z,, where Z, denotes the set of all
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non-negative integers. Then (1} )¢z, is a Markov chain on the state space R with
transition kernel P’ (x, -) and starting point ny = x.Itis easy to see that the measure
7r is also an invariant probability measure for the chain (17} )ncz., x > 0.

Let V(x) = x, x > 0. It follows from the Markov property and Lemma 3 that

EIV ) i1 = /R VPPt dy) < e~V (n) + M,
+

where M is a positive constant. If we set Vo := V and V,, :== V(17;;), n € N, then
E[Vi] < e “Vo(x) + M

and
EVaulng,nt,..omi1 <e ™V, + M, neN.

Now we proceed to show that the chain (9,),ez, , X > 0, is A-irreducible, strong
aperiodic, and all compact subsets of R are petite for the chain (1;),ez, -

“A-irreducibility”: We show that the Lebesgue measure A on Ry is an irreducibil-
ity measure for (17;),ez, . Let A € Z(Ry) and A(A) > 0. Then it follows from
Proposition 1 that

PInt € Al = x] = P(X} € A) = P(Zs = o>/ £ x. y)dy > 0,
A

since f(8,x,y) > Oforany x € Ry and y > 0. This shows that the chain (9},)nez,
is irreducible with A being an irreducibility measure.

“Strong aperiodicity”(see [16, p. 561] for a definition): To show the strong aperi-
odicity of (1},)nez,, we need to find a set B € #(R..), a probability measure m with
m(B) = 1, and ¢ > 0 such that

L(x,B)>0, xecR,, @21)

and
P(ni € A) >em(A), xeC, AeABRy), (22)

where L(x, B) := P(n; € B for some n € N). To this end set B := [0, 1] and
g(y) == 1infy¢p0,1) £(8, x,y), y > 0. Since for fixed y > 0 the function f (8, x, y)
is strictly positive and continuous in x € [0, 1], thus we have g(y) > 0 and 0 <
Joo.8()dy < 1. Define

1
A - d | A % R |
m(A) f(o,l]g(y)dy /140(071]8()7) y c ZR,)
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Then for any x € [0, 1] and A € Z(R;) we get
P(nj € A) = P(X5 € A)

P(Zs =0)/Af(5,x,y)dy

v

> P(Zs = 0) / g()dy
AN(0,1]
> P(Zs =0)m(A) / g(y)dy,
(0,1]

50 (22) holds with & := P(Zs = 0) [iy |, &(»)dy.
Obviously '

L(x,[0,1]) = P(nj € [0,1]) = P(X5 €[0,1]) = P(Zs = 0)/ f@,x,y)dy >0
[0.1]

for all x € R, which verifies (21).

“Compact subsets are petite”: We have shown that A is an irreducibility measure
for (), )nez, - According to [16, Theorem 3.4(ii)], to show that all compact sets are
petite, it suffices to prove the Feller property of (9},)nez, ., x > 0. But this follows
from the fact that (n;; ),ez. is a skeleton chain of the JCIR process, which is an affine
process and possess the Feller property.

According to [16, Theorem 6.3] (see also the proof of [16, Theorem 6.1]), the
probability measure 7 is the only invariant probability measure of the chain (17 ) ez, »
x > 0, and there exist constants S € (0, 1) and C € (0, co) such that

1P (x, ) —mllry < C(x+1)B", neZy, xeRy

Then for the rest of the proof we can proceed as in [18, p. 536] and get the
inequality (20).
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