Nonlinear Young Integrals via Fractional
Calculus

Yaozhong Hu and Khoa N. Lé

Abstract For Holder continuous functions W (¢, x) and ¢;, we define nonlinear
integral | ab W (dt, ¢,) via fractional calculus. This nonlinear integral arises naturally
in the Feynman-Kac formula for stochastic heat equations with random coefficients
(Hu and L&, Nonlinear Young integrals and differential systems in Holder media.
Trans. Am. Math. Soc. (in press)). We also define iterated nonlinear integrals.

Keywords Nonlinear integration - Young integral - Iterated nonlinear Young
integrals

1 Introduction

Let {¢;,t > 0} be a Holder continuous function and let {W (¢, x),z > 0,x € Rd}
be another jointly Holder continuous function of several variables (see (10) for the
precise statement about the assumption on W). The aim of this paper is to define the
nonlinear Young integral fab W (dt, ¢;) by using fractional calculus.

This paper can be considered as supplementary to authors’ recent paper [5], where
the nonlinear Young integral is introduced to establish the Feynman-Kac formula for
general stochastic partial differential equations with random coefficients, namely,

oru(t,x)+ Lu(t,x) +u(t,x)o,W(t,x) =0, (1)
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where W is a Holder continuous function of several variables (which can be a sample
path of a Gaussian random field) and

d d
1
Lu(t,x) = 5 > aij(t,x, WL ut, x) + D bilt, x, W)dyu(t, x)
i,j=1 i=1

with the coefficients a;; and b; depending on W. The terminal condition for the
Eq.(1)is u(T, x) = ur(x) for some given function ur (x).

To motivate our study of the nonlinear Young integral, let us recall a basic result
in [5] on the Feynman-Kac formula: Let o (f, x) = (0;;(t, x, W))1<;, j<a satisfy
a(t,x, W)y =o(t,x, W)o(t,x, W) (we omit the explicit dependence of o on W).
Consider the following stochastic differential equation

dX;* =o(t, X7 )8B, +b(t, X;¥)dt, 0<r<t<T, X*=x, (2

where (B;,0 < t < T) is a standard Brownian motion and §B; denotes the
1t6 differential. Then it is proved in [5] that under some conditions » and ¢ and
W (which are verified for certain Gaussian random field W), the nonlinear inte-
gral frT W(ds, Xy™) is well-defined and exponentially integrable and u(r, x) =
EB {uT (X7%) exp [frT W (ds, X?*)]} is a Feynman-Kac solution to (1) with u(7, x)
= u7(x). One of the main tasks in that paper is the study of the nonlinear Young
integral frT W (ds, Xy™). To this end we used the Riemann sum approximation and
the sewing lemma of [2]. In this paper, we shall study the nonlinear Young inte-
gral | ab W (dt, ¢;) by means of fractional calculus. This approach may provide more
detailed properties of the solutions to the equations (see [6, 7]).

Under certain conditions, we shall prove that the two nonlinear Young integrals,
defined by Riemann sums (through sewing lemma) or by fractional calculus, are the
same (see Proposition 2).

To expand the solution of a (nonlinear) differential equation with explicit remain-
der term we need to define (iterated) multiple integrals (see [3]). We shall also give a
definition of the iterated nonlinear Young integrals. Some elementary estimates are
also obtained.

The paper is organized as follows. Section2 briefly recalls some preliminary
material on fractional calculus that are needed later. Section 3 deals with the nonlinear
Young integrals and Sect. 4 is concerned with iterated nonlinear Young integrals.

2 Fractional Integrals and Derivatives

In this section we recall some results from fractional calculus.
Let —oo <a < b <00, > 0and p > 1 be real numbers. Denote by L?(a, b)
the space of all measurable functions on (a, b) such that
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1/p

b
1l = /If(t)lpdt oo,

Denote by C([a, b]) the space of continuous functions on [a, b]. Let f € L' ([a, b]).
The left-sided fractional Riemann-Liouville integral I, f is defined as

1

1§+f (1) = —F (@)

1
/(r—s)“*‘ f(s)ds, te(ab) 3)
a

and the right-sided fractional Riemann-Liouville integral I;’_ f is defined as

(-1

b
L f @)= F()a) /(S -0 f(s)ds, 1€ (a,b) “4)
t

where (—=1)™% = ¢~ and " (a) = fooo r®~le="dr is the Euler gamma function.
Let I, (L?) (resp. I7_(L?)) be the image of L?(a, b) by the operator I, (resp.
I I f eIy, (LP) (resp. f € I (LP))and 0 < & < 1, then the (left-sided or

right-sided) Weyl derivatives are defined (respectively) as

t
a _ 1 Q) J @)= f(s)
Darf O=ra—gla—ar T T ds (5)
and )
DY) = (=D f @ f@ - f(s)ds ’ ©)

Fd—a | B=0" “r (s — )t

wherea <t < b (the convergence of the integrals at the singularity s = ¢ holds point-
wise for almost all ¢t € (a, b) if p = 1 and moreover in L”-sense if 1 < p < 00).
It is clear that if f is Holder continuous of order u > «, then the two Weyl
derivatives exist.
For any 8 € (0, 1), we denote by C B(la, b)) the space of §-Holder continuous
functions on the interval [a, b]. We will make use of the notation

— f(
”f”ﬂ;a,b= sup M

a<O<r<b |r _9|ﬁ

(which is a seminorm) and

I flloo:a.b = sup FAGIE

asr=
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where f : R — R s a given continuous function.

It is well-known that C# ([a, b]) with the Holder norm N flg;an + 1l fllooan isa
Banach space. However, it is not separable.

Using the fractional calculus, we have (see [9] and also [3])

Proposition 1 Let 0 < o < 1. If f and g are continuously differentiable functions
on the interval [a, b), then

b b
[ rag= e [ oz @) (D) @) i, )
where gp— (1) = g (1) — g (b).

In what follows k denotes a universal generic constant depending only on A, 7, o
and independent of W, ¢ and a, b. The value of x may vary from occurrence to
occurrence.

For two function f, g : [a, b] — R, we can define the Riemann-Stieltjes integral

fab f(t)dg(t). Here we recall a result which is well-known (see for example [3, 9]
or [6, 7]).

Lemma 1 Ler f and g be Holder continuous functions of orders o and 8 respec-

tively. Suppose that o« + > 1. Then the Riemann-Stieltjes integral f ab f(t)dg(t)
exists and for any y € (1 — B, o), we have

b

b
/ fydg@) = (=1 / DY f(t)D, " g (1)dr1 . (8)

a

Moreover, there is a constant k such that

b
/ Fdg)| < klglpasl fllooanlb — al’ + | fllasanlb —al®™). (9

Proof We refer to [9] or [3] for a proof of (8). We shall outline a proof of (9). Let y
be such that @ > y > 1 — B. Applying fractional integration by parts formula (8),
we obtain

b b
/ f(dg()] < / DL, f(t)D, " gp_(1)ld1.

From (5) and (6) it is easy to see that

1— _
1D, " gp— ()| < kligligianb —r)PT7!
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and

1D}, f(O] < Ul fllociap(t = @) + || fllazapt —a)* 771,

Therefore

/ Fdg®)| < klgllpas | 1F oo / (t—a) 7 (b= P dr

b
Hflasas [(€ = 0= 0P
The integrals on the right hand side can be computed by making the substitution
t = b — (b — a)s. Hence we derive (9).

We also need the following lemma in the proofs of our main results.

Lemma 2 Let f(s,t),a <s <t < b be ameasurable function of s and t such that

// GO 4ar < oo,
( S)lo‘

Then
b b

/ I @ ) pmdt = (1D / I f e 1)yt

a a

Proof An application of Fubini’s theorem yields

// f(s, 1) dt

I' (@) (t—9)! 4

— // AT R,
I'(a) (t —s)l—

b
=07 / I f (@, ) pydt

a

b

/ I F @ )| p—dt

a

which is the lemma.
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3 Nonlinear Integral

In this section we shall use fractional calculus to define the (pathwise) nonlinear
integral fab W(dt, ¢;). This method only relies on regularity of the sample paths
of W and ¢. More precisely, it is applicable to stochastic processes with Holder
continuous sample paths.

Another advantage of this approach is that in the theory of stochastic processes
it is usually difficult to obtain almost sure type of results. If the sample paths of the
process is Holder continuous, then one can apply this approach to each sample path
and almost surely results are then automatic.

In what follows, we shall use W to denote a deterministic function W : R x RY —
R¢. We make the following assumption on the regularity of W'

(W) There are constants 7, A € (0, 1] such that for all finite @ < b and for all
compact sets K of R, the seminorm

”W”t,)»;a,b,K
3 |W(va)_W(tax)_w(s»y)+w(lay)|
= sup . -

a<s<t<b [t —s|"|x — |

x,yEK;x#y

W(s,x)— Wi(t, x Wi, y)— W(, x
+ sup W (s, x) r( )IJr sup (W, y) x( )|,(10)
a<s<t<b [t — s a<t<b |x — ¥l
xek x,yeK;x#y

is finite.

About the function ¢, we assume

() ¢ is locally Holder continuous of order y € (0, 1]. That is, the seminorm
lp(t) — ¢(s)]

||§0||)/;a,h = Sup —0,
a<s<t<b [t —s|¥

is finite for every a < b.
Among the three terms appearing in (W), we will pay special attention to the first
term. Thus, we denote

IW(s,x) = W(t,x)— W(s,y)+ W(t,y)
[W]r,k;a,b,K = sup .

a<s<t<b |t - s|r|x - )’|A
X, yeK;x#y

If a, b is clear from the context, we frequently omit the dependence on a, b. In
addition, throughout the paper, the compact set K can be chosen to be any compact set
containing the image of ¢ on the interval of integration. Thus we omit the dependence
on K as well. For instance, ||W||;,; is an abbreviation for |W |l s.a.6,k, ll@ll, is an
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abbreviation for [|¢|l,.q,» and so on. We shall assume that a and b are finite. Thus it
is easy to see that for any ¢ € [a, b]

sup lp()] = sup |p(c) +¢(t) — ()] < lp©|+llelylb —al” < oco.

a<t<b a<t<b

Thus assumption (¢) also implies that

lellooia,p == sup |@(f)] < oco.

a<t<b

Remark 1 Given a stochastic process indexed by (7, x), it is possible to obtain
almost sure regularity of the type (10) by a multiparameter Garsia-Rodemich-Rumsey
inequality. Indeed, this has been explored in [4], see also the last section of [5].

One of our main results in this section is to define f ab W (dt, ¢;) under the condition
Ay 4+ © > 1 through a fractional integration by parts technique. The following
definition is motivated from Lemma 1.

Definition 1 We define

b b
/ Wdt, g) = (—1)° / DX DY Wy (1, g (11
a

a
whenever the right hand side makes sense.

Remark 2 Assume d = 1. Let W(¢,x) = g(¢t)x be of the product form and let
o(t) = f(t), where g is a Holder continuous function of exponent t and f is a
Holder continuous function of exponent A. If | — 7 < @ < A, then

b b
/ W(dt, ¢r) = (=1)* / D DI Wy, (1, 1) p—idt
a

a

b
= (-1 / Dy~ gp— ()DL, f(1)dt .

a

Thus from (8), fab W (dt, ¢;) is an extension of the classical Young integral fab f(t)dg(t)

(see [3, 8, 9]). For general d, if W(tr,x) = Zld:lg,-(t)xi and ¢;(t) =
4 b

fi(1), then it is easy to see that [ W (dt, ¢,) = > / fi(H)dgi(1).

i=17,

The following result clarifies the context in which Definition 1 is justified.
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Theorem 1 Assume the conditions (W) and (@) are satisfied. In addition, we sup-

pose that Ay +1 > 1. Leta € (1 — 1, At). Then the right hand side of (11) is finite
and is independent of @ € (1 — t, ). As a consequence, we have

b
/ W(dt. gr)

b
= (_l)a/DZﬁ Dl "Wy (t, @) |y =dt

_ / Wb—(tv (0[) d[
h F(a)F(l — ) b -0l —a)

+_a./[ VVb (t, 1) — Wy (2, ¢r)
(b _ t)l “(t _ r)oz-H

drdt

b b
W(ta got) - W(S, (pl)
- a)/ (s — D2 %(t —a)™ dsdt
t

(s =)ot — r)oetl

b t b
—l—oz(l—(x)/// W(ta(pt)_W(ssfpt)_W(t7‘pr)+w(5a§0r)dsdrdt ,
a a t

12)

where Wy,_ (t,x) = W (t, x) — W (b, x). Moreover, there is a universal constant k
depending only on t, A and «, but independent W, ¢ and a, b such that

/ Wdt, )| < klIWllepap=a) 6| Wil aasllol ., pb—a)™, (13)

where |Wz.ap = Wllta:.ap.xk and K is the closure of the image of (¢, a <
t <b).
Proof Wedenote | W|| = ||W/|l¢,1.q.p- Firstby the definitions of fractional derivatives

(5) and (6), we have

ds

(=D [ Wy_(t, 1) )/ wit, w — W(s, o)

1—a,t
D Wy (t, @) =
b— b— (1. 1) T (a) (b -1l — )2«
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and

DD Wy, 1)
t/
_ (=D L Woltg) [ Worltg0) = Wy (t.90)
Frrd—-o | @ —a® G-« ' —r)eti(h -l

b
l—«a W(t, or) — W(s, ¢p)

(l‘/ _ a)a (S _ t)zfa ds

t
/ F Wt o) — Wis, o) — Wit o) + Wis. o)
o tth/ - S, Q) — tvwr + S, Or
+ - oz)/ @ e / e dsdr
a t

Thus the right hand side of (11) is

b b t
1 Wy (2, @) Wi (t, 1) — Wp_(t, @r)
~ rerd—o '/(b—t)l—“(t—a)adt+a/ & Do — o] drdt

a a

b b
W(t! Qﬂt) - W(S7 (pt)
+ (1 - a)/ G =0 —a) dsdt
a t

(s — )2t — r)otl

b t b
+a(1—a)/// W(Mﬂ:)—W(S,wz)—W(t,<pr)+W(S,90r)dsdrdt]

a a t

=h+Dhb+h+1. (14)
The condition (W) implies
b
I <klwi / (b — 07+ (1 — a)dr
a
=k|Wlb—-a). (15)
Similarly, we also have

b b
I < K||W||//(S — )2t — a)"%dsdt
a t

=kl[WI©G—a). (16)
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The assumptions (W) and (¢) also imply

(Wo— (1, @) — Wo (1, 00| < Wb — 1] lgr —
< cIWllelslb — t[7|e — r[*7 .

This implies
b t
L <«|Wilel} / / b — 0" =) drdt
a a

< klIWllgll, (b —a)* .

Using

a7

(Wt 1) — W(s, @) — Wt, @) + W(s, )| < Wllllgll} 11 — 5|71t —r[*7,

we can estimate /4 as follows.

b t b
A |t — ||t —r |
I < k|Wllel; G = e dsdrds
a a t

< clIWllglly (b —a)™ .

(18)

The inequalities (15)—(18) imply that for any o € (1 — 7, y 1), the right hand side of

(11) is well-defined. The inequalities (15)—(18) also yield (13).

To show (12) is independent of o we suppose &', & € (1 —7, Ay),a’ > a. Denote

B = &' — a. Using Lemma 2, it is straightforward to see that

b
1—a.t'
(—D“/DgiDb_“” Wi (2, o)y =rdt

a

b
= (_1)0[/Ifj:DlaBiDgiD;:a’t/Wb—(h‘Pt’)|t’:td1

a
b

= (=1 / 11 DI DL Wy, )l —dt

a

b
— (¥ / DX B DI Wy (1, )

a

b
= (-1 / D Dy Wy (2, @)=t .

a
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This proves the theorem.
Now we can improve the equality (13) as in the following theorem

Theorem 2 Let the assumptions (W) and (@) be satisfied. Leta, b, ¢ be real numbers
such that a < ¢ < b. Then there is a constant k depending only on t, ) and o, but
independent W, ¢ and a, b, ¢ such that

b
/ W(dt, 1) — Wb, @) + Wa, 9| < kW lleianlell) .o, 0 —a) 7.
a
(19)
Proof Leta < c <d < bandlet ¢(t) = ¢(c) X[c,a)(t), Where x| q) is the indicator

function on [c, d). Then

W(t, o) c<t' <d
W(t’ @(t/)) =
W (t, 0) elsewhere .

This means W(z, ¢(t')) = W(t, ¢(¢)) xc.4)(t"). Hence, from (8) we have

b b
/ W(dt, (1) = (1) / DI Wy (1, 9() D ity (st
a

a

b
= (—U“/D;i:a’le—(t,§0(C))D§i)([c,d)(t)dt

a

=W, ¢(c)) — W(c, ¢(c)) .

Let ¢ be any point in [a, b]. Denote W(t, x) = W(,x) — W(t, ¢:). Then w
satisfies (W). As in the Eq. (14), we have

b b
/ W(dt, g0) — W(b. 90) + Wi(a, o) = / W(dt. pr)

=h+h+hL+1.

where iz = [, and f4 = I4 are the same as /> and I, in the proof of Theorem 1. But
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b
[ ! / W, o) - Wb.¢) — Wit.¢c) + Wb ¢o) .
'T T Trd-o (b—n'=2(t —a)*
A (1 - /W(t @) — Wis, o) — W(t, o) + W, ‘Pc) dsdt
T T T(rd— oy, (s — )21 — )@ '
From the assumptions (W) and (¢) we see that
|W(t1 ‘Pt) - W(b’ (Pt) - W(tv @L) + W(b7 wc)l
< klIWleazanllll} .o plb— 1171 =™
<k Wleaanllolly .o plb =171t —al*” .
This implies that y
I <« Wierzanllell) .o p b —a) 7. (20)
Similarly, we have
B <kl Wieraplell) .., —a) 7. 1)

Combining these two inequalities (20) and (21) with the inequalities (17) and (18)

we have
b

/ Wdt, 00| < MW lensaslglls o p (b — )™ |

which yields (19).
Theorem 3 Let the assumption (W) be satisfied. Let ¢ : [a, b] — R4 satisfy
— ot
lp(s) —p(a)| < Lis —a|Z Vs € [a, b] and sup M <L
a<t<s<b (S - t)y
(22)

for some { € (y, 00) and for some constant L € (0, 00). If Tt + Ly > 1, then for any
B <1+ AV‘H L¢ we have

b
/W(dh @) — Wb, ga) + W(a, )| < Cb—a)’ (23)

here the constant C does not depend on b — a.

Proof Asinthe proof of Theorem 2 we express fah wdt, 1) —W (b, pa)+W(a, ¢a)
as the sum of the terms 1 j» j = 1,2,3,4 (we follow the notation there). First,
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we explain how to proceed with I4. We shall use C to denote a generic constant
independent of b — a. Denote

=W, o) —W(s, ) — W, 0) + Ws, @)l
First, we know that we have
J<Clt=s|%|t —r". (24)
On the other hand, we also have

J E |W(ta (/)l) - W(Sa ‘Pt) - W(t7 @a) + W(S’ ‘Pa)|
HW(t, @) — W(s, @) — W(t, 0a) + W(s, i)l
<Clt—s|° [|t—a|“+|r—a|”]

< Clt —s|"|t —a|** (25)

whena <r <t < s < b. Therefore, from (24) and (25) it follows that for any
B1 > 0and B, > 0 with 81 + B, = 1, we have

J < Clt —s|%|t — r|PY |t — a2
If we choose o and B such that
T+a>1, Biry —a >0 (26)

then
i4 <C(bh-— a)ﬂl)»)/-i-ﬂz?»@-i-f.

Forany B < 1+ M’H !

and

£ we can choose «, f1, and B, such that (26) is satisfied
I, <Cb—a)l.
The term /> can be handled in a similar but easier way and a similar bound can be
obtained. 3
Now, let us consider /3. We have

(W (1, 01) — W(s, @) — W(t, 0a) + W(s, 9a)| < Clt — ||t — a|**

This easily yields _
L<Cb—a) .

A similar estimate holds true for I;. However, it is easy to verify 7 + ¢ > 1 +
}‘V” 24721y if ¢ > y. The theorem is proved.
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Next, we show that the nonlinear integral defined in Definition 1 coincides with
the limit of Riemann sums. For this purpose, we need some preliminary set up. For
every s, t in [a, b], we put u(s,t) = W(t, ¢5) — W(s,g5). Letm ={a =1 <t <

- < tp = b} be a partition of [a, b] with mesh size 7| = maxXi<j<, [t; — ti—1].
One can consider the limit of the Riemann sums

n
lim ZM(H—L 1)
i—1

7140

whenever it exists. A sufficient condition for convergence of the Riemann sums is
provided by following two results of [2], see also [1] for a simple exposition.

Lemma 3 (The sewing map) Let i1 be a continuous function on [0, T1* with values
in a Banach space B and ¢ > 0. Suppose that u satisfies

(@, b) = u(a, o) — p(e. )| < Klb—al'** Y0<a<c<b<T.
Then there exists a function ¥ |u(t) unique up to an additive constant such that
| ub)— J @) —pla,b)] < KA=2")""b—a|'** YVO<a<b<T. (27

We adopt the notation /ab w=_gub) — 7 u)

Lemma 4 (Abstract Riemann sum) Letm = {a =ty <t < --- < t,, = b} be an
arbitrary partition of [a, b] with |7 | = sup;_g ;1 |ti+1 — t;|. Define the Riemann

sum
m—1

Je = D nlti, i)

i=0

then J converges to /ab,u as|m| | 0.

Because t + Ay is strictly greater than 1, the estimate (19) together with the
previous two Lemmas implies

Proposition 2 Assume that (W) and (¢) hold with Ay + t > 1. As the mesh size
|7t | shrinks to 0, the Riemann sums

n

D Wi on) = W1, 1))

i=1

converges 1o | ab W (dt, ¢;).

Remark 3 In[5], the authors define the nonlinear integral f W (dt, ¢;) viathe sewing
Lemma 3. The previous proposition shows that the approach using fractional calculus
employed here produces an equivalent definition. Let us note that this is possible
because of the key estimate (19) and the uniqueness part of the sewing Lemma 3.
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It is easy to see from here that

b c b
/W(dt, ©r) = / wdt, ¢;) + / W dt,¢;) VYa<c<b.
a a c

This together with (13) imply easily the following.

Proposition 3 Assume that (W) and (¢) hold with Ay + © > 1. As a function
of t, the indefinite integral [fut W(ds,ps), t <a < b} is Holder continuous of
exponent T.

Further properties can be developed. For instance, we study the dependence of
the nonlinear Young integration f W(ds, ¢s) with respect to the medium W and the
integrand ¢. We state the following two propositions whose proofs are left for readers
(see, however, [5] for details).

Proposition 4 Let Wi and W, be functions on R x R4 satisfying the condition (W).
Let ¢ be a function in C (R; R?) and assume that t + Ay > 1. Then

b b
I/ Widds, ¢s) — / Walds, o)l = IW1(b, pa) — Wila, ¢a) — W2(b, 9a) + Wa(a, ¢a)l
a a

+ c(l@llo) (Wi — Walgzall@lly b — a7 .

Proposition 5 Let W be a function on R x RY satisfying the condition (W). Let ¢!
and ¢* be two functions in CY (R; R?) and assume that t + Ly > 1. Let 0 € (0, 1)
such that T + 6Ly > 1. Then for any u < v

|/W(ds,¢j>—/vv<ds,¢3)|

< CiWleale' — @*lI% v — ul”
+ o[ Wil — @Iy — w704

where Cy is an absolute constant and C» = 2'=9C(||p! ||)}) + [l ||J)))9.

4 Tterated Nonlinear Integral

From Remark 2 we see that if W(z, x) = Z;j:] gi(Hx; and @; (1) = fi(t), then

4 b
t, Q) = it i (r). We know that the multiple (iterated) integrals o
fW(d ) (t)dg;(t). Wek hat the multiple (i d) integrals of
i=17
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the form

/ (81,52, ...,8,)dg(s1)dg(s2) - --dg(sy)

are well-defined and have applications in expanding the solutions of differential
equations (see [3]). What is the extension of the above iterated integrals to the non-
linear integral? To simplify the presentation, we consider the case d = 1. General
dimensions can be considered in a similar way with more complex notations.

We introduce the following notation. Let

Apap i =1{(1,....,80); a <51 <sp<--- <5, <b}

be a simplex in R”.

Definition 2 Let ¢ : A,,5, — R be a continuous function. For a fixed s, €
[a, b], we can consider ¢(-, s,) as a function of n — 1 variables. Assume we can
define fAn—la IEZCTRINC T s)W(dsy, ) --- W(ds,—_1, -), which is a function
of s,,, denoted by ¢,—1(sn), then we define

b
/ w(n,--.,sn)W(dSh~)~~W(dsn,~)=/W(dsn,¢n71(sn)). (28)

a<s)<--<s,<b

In the case W (¢, x) = f(¢)x, such iterated integrals have been studied in [3], where
an important case is when ¢ (s1, . .., s,) = p(s1) for some function p of one variable.
This means that ¢(sq, ..., s,) depends only on the first variable. This case appears
in the remainder term when one expands the solution of a differential equation and
can be dealt with in the following way.

Let Fy, F2, ..., F, be jointly Holder continuous functions on [a, b]?. More pre-
cisely, foreachi = 1, ..., n, F; satisfies
|Fi(s1,t1) — Fi(s2, 1) — Fi(s1, 12) + Fi(s2, 1) (29)

)\. .
< | Fillz,n:abl81 — $2|" |01 — 2|, forallsy, s2, 11, rrin[a, b].

We assume that 7 + A > 1.

Suppose that F is a function satisfying (29) with t + A > 1. The nonlinear
integral fab F(ds, s) can be defined analogously to Definition 1. Moreover, for a
Holder continuous function p of order A, we set G(s,t) = p(¢) F (s, t), it is easy to
see that
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|G (s1,t1) — G(s2, 1) — G(s1,12) + G(11, 1)
< Ip(t) — p(@)||F (s1, 1) — F(s2,11)|
+ @) F(s1, 1) — F(s2, 1) — F(s1, 02) + Fi (11, 12)|
< lpllell + oo Fllzlst — 2171ty — 21

Hence, the integration f p(s)F(ds, s) is well defined. In addition, it follows from
Theorem 2 that the map ¢ +— fut p(s)F (ds, s) is Holder continuous of order 7.
We have then easily

Proposition 6 Let p be a Holder continuous function of order 1. Under the condition
(29) and © > 1/2, the iterated integral

Lop(Fy, ..., Fy) = / p(s1)Fi(dsy, s1)Fa(dsa, s2) -+ - Fu(dsy, sp)

a<s|<--<s,<b
(30)
is well defined.

In the simplest case when p(s) = 1 and Fi(s,t) = f(s) foralli =1, ..., n, the
above integral becomes

b) — n
[ dronedgon = SO L@

a<s)<--<sp<b

Therefore, one would expect that

|b —alr
o p(F1, ..., Fp)l N T (€29
This estimate turns out to be true for (30).
Theorem 4 Let Fy, ..., F, satisfy (29) and p be Holder continuous with exponent A.
AT —1 grt—1
We assume that p(a) = 0. Denote = — and ¢, = R +p"(r+

). Then, for any y,, < £,, there is a constant C,, independent of a and b (but may
depend on yy,) such that

|Ia,b(Fla---7Fn)| Scn|b_a|yn~ (32)



98 Y. Hu and K.N. Lé

Proof Denote

I, ... F) = / p(s1)F1(dsy, s1)Fa(dsy, $2) -+ Fi(dsk, 5i).

A=§1=-- =S =S
Thus, we see by definition that

N

Ié{(j])(Flv coos Fryp) = / Fry1(dr, Iéf?(Fl, ..., F). (33)

a

We prove this theorem by induction on n. When n = 1, the theorem follows straight-
forwardly from (19) with the choice ¢ = a. Indeed, we have |1\)| < C|t — a**
and [18) — 1) < Clr — s

The passage from n to n 4 1 follows from the application of (23)—(33) and this
concludes the proof of the theorem.

Remark 4 The estimate of Theorem 4 also holds true for the iterated nonlin-
ear Young integral 1;7;3(171, .. F) = fafsls--SskSs Fi(ds1, p(s1))Fa(dsa, s2) - - -

b —
Fu(dsy,sn), where I)(Fi,....,F) = [)F(ds, &SV (Fi..... Fe1)). and
b
1)) = [V Filds. p(s)).
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