Chapter 6

Pseudo-differential operators on
the Heisenberg group

The Heisenberg group was introduced in Example 1.6.4. It was our primal ex-
ample of a stratified Lie group, see Section 3.1.1. Due to the importance of the
Heisenberg group and of its many realisations, we start this chapter by sketching
various descriptions of the Heisenberg group. We also describe its dual via the well
known Schrodinger representations. Eventually, we particularise our general ap-
proach given in Chapter 5 to the Heisenberg group. Among other things, we show
that using the (Euclidean) Weyl quantization, the analysis of pseudo-differential
operators on the Heisenberg group can be reduced to considering scalar-valued
symbols parametrised not only by the elements of the Heisenberg group but also
by a parameter A € R\{0}; such symbols will be called A\-symbols. The correspond-
ing classes of symbols are of Shubin-type but with an interesting dependence on
A which we explore in detail in this chapter; such classes will be called A-Shubin
classes. Some results of this chapter have been announced in the authors’ paper
[FR14b], this chapter contains their proofs.

In [BFKG12a], a pseudo-differential calculus on the Heisenberg group was
developed with a different approach (but related results) from our work presented
here.

There is an important change of notation concerning the Heisenberg group in
this chapter. In Example 1.6.4, where the Heisenberg group H,,, was introduced,
we used the index n, as its subscript because the index n was already used to
denote quantities associated with the homogeneous groups. However, throughout
Chapter 6, general groups will hardly appear, so we can simplify the notation by
denoting the Heisenberg group by H,, instead of H,, , so that the notation change
is

H, — H,,

o
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428 Chapter 6. Pseudo-differential operators on the Heisenberg group

We emphasise that n is the index here (not the dimension): the topological dimen-
sion on H, is 2n 4 1, and its homogeneous dimension is 2n + 2.

6.1 Preliminaries

In this section, we discuss several aspects of the Heisenberg group, hopefully shed-
ding some light on its importance and general structure.

6.1.1 Descriptions of the Heisenberg group

We remind the reader that the Heisenberg group H,, was defined in Example 1.6.4
in the following way: the Heisenberg group H,, is the manifold R2"*! endowed with
the law

1
($7y7t)(x/7y/7t/) = (QIT + xlvy + ylat + t/ + §(xyl - x/y)), (61)
where (z,y,t) and (2/,y',t') are in R® x R” x R ~ H,,.

In the formula above as in the whole chapter, we adopt the following con-
vention: if x and y are two vectors in R™ for some n € N, then zy denotes their
standard scalar product

n
xy:Z:cjyj if x=(x1,...,2n), ¥y=(Y1,---,Yn).
j=1

First we remark that the factor % in the group law given by (6.1) is irrelevant

in the following sense. Let @ € R* = R\{0}. Consider the group H' endowed
with the law

1
(z,y,t)(x',y',t') = (l‘ + xlvy =+ y/a i+ t/ =+ a(‘ry/ - I/y))

Then the groups Hg{l) and H,, = Hg) are isomorphic via

H, — HY
(z,y,t) — (2,9,21)

In the same way, consider the polarised Heisenberg group H,, (or HE) endowed
with the law

(z,y,0)@",y,t") =@+, y +y t+t' +ay).
Then the groups H, and H,, are isomorphic via

{ H, — M,
(z,y,t) — (2,9t + 3a9)
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Note that the Heisenberg group H, can be also viewed as a matrix group. For
simplicity, we consider n = 1, in which case the group Hj is isomorphic to T3, the
group of 3-by-3 upper triangular real matrices with 1 on the diagonal:

Hl — T3

(z,y,t)

O O =
o =8

t
Y
1

All the statements above can be readily checked by a straightforward computation.
Combining two isomorphisms above, we obtain the identification H; — Hl —
T5 given by
H, — T3
1 = t+ %zy
(z,y,t) +— 0 1 y
0 0 1

Although we will not use it, let us mention a couple of other important
appearances of the Heisenberg group. The Heisenberg group can be also realised
as a group of transformations; for example, for each

h=(x,y,t) € Hy,
the affine (holomorphic) map given by
én:CxC3(21,2) — (21 +x+iy, 20 +t+ 2iz (x — iy) +i(2® +y?)) € Cx C,
sends the (Siegel) domain
U = {(z1,2) €CxC : ITmz > ||*} (=8SU(2,1)/U(2))
to itself, and the (Shilov) boundary of %,
WU = {(21,20) €ECx C : ITmzy = |2|*},

also to itself. One can check that Hy > h — ¢, defines an action of H; on % and
on b7 . Furthermore, the action of H; on b% is simply transitive. A Cayley type
transform

w1 ,1711)2
= 1
14wy’ 14wy’

(w1, wy) — (21,22) with 2z

is a biholomorphic bijective mapping which sends % onto the unit complex ball
of C2. Tt also send b% to the unit complex sphere S3, more precisely onto S3\{S}
where S = (0,—1) is the south pole (which may be viewed as the image of c0).
Hence the Heisenberg group acts simply transitively on S*\{S}.
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We can also mention here that the group U(n) acts naturally by automor-
phisms on H,, leading to the interpretation of (U(n), H,,) as a nilpotent Gelfand
pair with strong relation to the theory of commutative convolution algebras. For
example, such analysis can be used to characterise Gelfand (spherical) transforms
of K-invariant Schwartz functions on H, for a group K C U(n) ([BJR9S]), or view
them as Schwartz functions on the Gelfand spectrum ([ADBRO09]).

6.1.2 Heisenberg Lie algebra and the stratified structure
The Lie algebra b,, of H,, is identified with the vector space of left-invariant vector
fields. Its canonical basis is given by the left-invariant vector fields
— Y; _ Lj C —
Xj=0q; — Eat, Y; =0, + ?8“ j=1,...,n, and T = 0. (6.2)
For comparison, the corresponding right-invariant vector fields are
X; =0, + %0, Y, =0, — Lo, j= [ =
= mj+5t’ 3= 0 = iy, j=1,...,n, and T = 0,. (6.3)
The canonical commutation relations are
(X;. Y] =T, j=1,...,n,

and T is the centre of h,. This shows that the Lie algebra h,, and the Lie group
H,, are nilpotent of step 2. Hence the Heisenberg group H,, described above in
Section 6.1.1, that is, R*"T! endowed with the group law given in (6.1), is the
connected simply connected (step-two nilpotent) Lie group whose Lie algebra is
b, and which is realised via the exponential mapping together with the canonical
basis. This means that the element (x,y,t) = (z1,...,Zn, Y1, ..., Yn,t) of H,, can
be written as

(z,y,t) = expy (21 X1 + ...+ Xp + 01 V1 + ... +yn Yy +1T).

We fix
dxdydt = dxq ... dxpdy .. . dy,dt

as the Lebesgue measure on H,,, see Proposition 1.6.6. Therefore, we may be free
to write formulae like

/ - dadydt = / - dadydt.
n R2n+1

The Heisenberg Lie algebra is stratified via b,, = V1 @ V5, where V; is linearly
spanned by the X;’s and Y}’s, while Vo = RT'. Since the Heisenberg Lie algebra is
stratified via b, = V; @ V5, the natural dilations on the Lie algebra are given by

D.(X;)=rX; and D.(Y;)=rY;, j=1,....,n, and D.(T)=17T, (6.4)
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see Section 3.1.2. We keep the same notation D, for the dilations on the group
H,,. They are therefore given by

Dy(z,y,t) =r(z,y,t) = (re,ry,r’t), (z,y,t) € Hy,, > 0.

We also keep the same notation D, for the dilations on the universal enveloping
algebra 4(h,,) induced by Property (6.4).

Note that the homogeneous dimension of H,, is @ = 2n + 2. This is also the
homogeneous degree of the Lebesgue measure dxdydt.
Ezxample 6.1.1. The sub-Laplacian

n

L o= ) (XJ+Y}) (6.5)
j=1
n . 2 . 2

is homogeneous of degree 2 since
D,(L) =r2L.
Remark 6.1.2. The ‘canonical’ positive Rockland operator in this setting is

R=-L.

We will also use the mapping © : H,, — H,, given by

@(1’7 Y, t) = (CE, Y, _t)‘
One checks easily that for any (z,y,t), («/,y’,t') € H,, we have

@((:z:,y,t)(x',y',t')) =0O(z,y,t) O(z',y,t') and @(@(z,y,t)) = (z,y,t).

Therefore, O is a group automorphism and an involution. Furthermore, it is clear
that it commutes with the dilations:

Vr >0 ©oD,=D,006.

We keep the same notation for the corresponding Lie algebra morphism and
we have

O(X;)=X,, 0;)=-Y,, j=1,...,n, O(T) = -T. (6.6)

6.2 Dual of the Heisenberg group

In this section we will analyse the unitary dual of the Heisenberg group H,,. For
our purposes, it will be more convenient to work with the Schrédinger representa-
tions. This will lead to the group Fourier transform parametrised by A in (6.19).
Such group Fourier transforms yield operators acting on the representation space
L?(R™). The latter can be, in turn, analysed using the Weyl quantization on R"
that appears naturally.
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6.2.1 Schrodinger representations 7

The Schrodinger representations of the Heisenberg group H,, are the infinite di-
mensional unitary representations of H,,, where, as usual, we allow ourselves to
identify unitary representations with their unitary equivalence classes. They are
parametrised by the co-adjoint orbits (see Section 1.8.1) and more concretely by
A € R\{0}. We denote these representations my. Each 7y acts on the Hilbert space

Hay = L")
in the way we now describe. An element of L?(R") will very often be denoted as
a function h of the variable u = (u1,...,u,) € R™
First let us define m; corresponding to A = 1. It is the representation of the
group H,, acting on L?(R") via
T (2, y, )h(u) = !PT ey (y 4 ),

for h € L?(R") and (w,y,t) € H,,. Here 2y denotes the scalar product in R" of
z and y, and similarly for yu. Consequently its infinitesimal representation (see
Section 1.7) is given by

m1(X;) = 0, (differentiate with respect to u;), j=1,...,n,
m(Y;) = du;, (multiplication by iu;), j=1,...,n, (6.7)
m(T) = I, (multiplication by 7).

The Schrodinger representations my on the group are realised in this mono-
graph using
T 1= 7T10Dﬁ 1f)\>07
m_yo0® if A<O,
that is,
ma(z,y, t)h(u) = ei)‘(tJr%xy)eiﬁy“h(u + V| Az), (6.8)

for h € L*(R™) and (z,vy,t) € H,, where we use the following convention:

A/ ={ Vi 1120 ©9)

We observe that for any A € R\{0} and r > 0,
my0® =m_y and wyoD, = meay, (6.10)

and this is true for the group representation m) on H,, and for its corresponding
infinitesimal representation on the Lie algebra b, and on the universal enveloping
algebra (b, ). As usual we keep the same notation, here my for the corresponding
infinitesimal representation.
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Lemma 6.2.1. The infinitesimal representation of mx acts on the canonical basis
of b, via

= VNOu,, m(Y)) =iV, j=1,...,n, and m\(T)=4), (6.11)

using the convention in (6.9).

Proof. Formulae (6.11) can be computed easily from (6.8). Here we show that they
also follow from Properties (6.7) and (6.10). Indeed we have for A > 0

7T)\(Xj) = wl(Dﬁ(X])):\f)\m(Xj):ﬁ&“ j:l,...,n,
m(Y;) = m(Dyx(Yy) = Vam(Y;) = VAiu;, j=1,...,n,
7T,\(T) = Fl(Dﬁ(T)) = )\771(T) = i/\,
and thus for A <0
™(X;) = m-a(0(X;)) = m-a( \/\75% j=1.
0D = O = m ) = Dy G2
m(T) = =« A(@(T))Z—W_)\(T)Z (=A)i =),
proving (6.11) in both cases. O

Consequently, the group Fourier transform of the sub-Laplacian

S+

=1

L

is
=AY (92, - ud). (6.12)
=1
A direct characterisation implies that the space of smooth vectors of ) is
Hy = S(R™).

This is true more generally for any representation of a connected simply connected
nilpotent Lie group realised on some L*(R™) via the orbit method, see [CG90,
Corollary 4.1.2].

6.2.2 Group Fourier transform on the Heisenberg group

We could have realised the equivalence classes [my] of Schrédinger representa-
tions in various ways. For instance by composing with the unitary operator U, :
L*(R™) — L*(R") given by Uf(x) = |A|? f(v/Az), one would have obtained a
slightly different, although equivalent, representation. Another realisation is with
the Bargmann representations, see, e.g., [Tay86]. Our choice of representation 7y
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to represent its equivalence class will prove useful in relation with the Weyl-Shubin
calculus on R"™ later, see Section 6.5.

The group Fourier transform of a function x € L' (H,,) at 7 is
Fa ()(ms) = ma(o) = [ o pt)ma(o. ot dodyi.
that is, the operator on L?(R") given by
m1(Kk)h(u) = /H ﬁ(m,y,t)ei(_“%w)e—iy“h(u — x)dxdydt.

We now fix the notation concerning the Euclidean Fourier transform and recall
some facts about the Weyl quantization on R™.

The Euclidean Fourier transform

In order to give a nicer expression for the operator Fy, (x)(m1), we adopt here the
following notation for the Euclidean Fourier transform on R¥:

TFan f(€) = (2m) . (z)e ¢ dx, (6.13)

where ¢ € RY and f : RY — C is for instance integrable. With our choice of
notation and normalisation, the mapping Fr~ extends unitarily to a mapping on
L*(RY) and
Fex (f)(@) = Fan (f)(—2).
Let us also recall the Fourier inversion formula for a (e.g. Schwartz) function
fR*"—=C:

/ / e V8 f () dude = (2m)N f(u). (6.14)
RN JRN
In our context N will be equal to 2n + 1.

Unfortunately, due to our choice of notation 7 for the representations, in the
formulae in the sequel 7w will appear both as a representation and as the constant
m = 3.1415926... However, as powers of this 27 will appear mostly as constants in
front of integrals it should not lead to major confusion.

The (Euclidean) Weyl quantization

Let us also set some notation regarding the Weyl quantization on R™. If a is a
symbol, that is, a reasonable function on R™ x R™, then the Weyl quantization
associates to a the operator

0p" (a) = a(D, X)
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given by

u-+v

O (@f(w) = 2m " [ [ et S fwdede,  (615)

where f € S(R") and u € R™.

Ezxample 6.2.2. Particular examples are
1
op" (1) =1, 0p" (&) = 70u; Op" (uj) = uj,

and
1
The composition of two Weyl-quantized operators is

Op" (a) o Op" (b) = Op™ (a x b), (6.16)

where (see, e.g., [Ler10])

0% b(C,u) = (2m)~2n4n / / / / e~ 2H{(E=O) (y—u)~(n—O)(a—w)}

a(§,x) b(n,y) d&dndzdy,
and asymptotically
- (_1)|a2\ 1 “ o) 1 OQ (e %1
a*bwmz_:ocm/[n +|Z— ool =0 ) 07%a =0 ) 07 ), (6.17)

with ¢y, = 1 and, in fact,

Oa 0Ob Oa 8b>

1 n
~ —{a,b} +... wh b :§ 2 A A Ar.
a*b ab+ 2i{a’ }+ where {CL, } = <a§J 6’&]' auj 8§J

This formula can already be checked on the basic examples given in Example 6.2.2
and on the following property:
Lemma 6.2.3. Let a be a symbol. Then we have

(adu;j) (Op"(a)) = u;0p"(a) — Op" (a)u; = OpW(i(’){ja),
(addy,) (0p" (@) = 8,,0p" (a) = Op" (a)d,, = Op" (9, a).
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Proof. Let f € S(R™) and u € R™. Then we have

(aduy) (Op" (@) f(u) = u;0p" ()f() Op™ (@) (u; £)(u)

/ / ¢a(e, 0 f(v)dvde
R™ JR"™
)" /R” /Rn el(u—v)éa(g7 u —2|— U)'Ujf(y)dvd§

—n [ ] et B s - ) f(e)dude
(2m)~ /n/R 735 Z(“w)f} a(é, U;U)f(v)dvdﬁ

(27)~ / / g, { (€, “*”)} F(v)dvde,

after integration by parts. This shows the first equality.

277
2

For the second one, we compute

0, 00" (@) = 20" [ [ 0, fertsae M0 oy

Since

O, {e“““ﬁ a(&“é”)} = —{o,e e 1)
1

+§ei<u—v)s{auja}(§, utv

),

we compute using integration by parts

/n / Ou, {ei(“v)ﬁa(g, U;Lv)} F0)dvde
_ /n /n {&,jei(”_”)f}

N / n / n euu-v)f,{auja}(g, “;”’ )f (v)dvde

g, Ya(e, ") (o) p dvd
= [ L {o }

i(u—v 57 u—+v
* /R / L€ 5 104,43 (&, )f(v)dvde.

u+v

(v)dvdé

Now

u—+v

0, {a(e. "3 )10} = 50,0} (€.

(@) + a6, )0, f(0),
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/n / { ale, u+v)}f(v)dvd§

= / / D, al(E, ) F(v)dude
i(u—v)& u+wv
[ emtale M, foyduds

thus

We have obtained
9.,00" (a)

(27)~ // w019, a)(e, “*”) F(v)dvde
2T

)_n/ / e8¢ U+U)8vjf( )dvdé.
Therefore, we have

(a2, (OD" (@) () = 24,09 (a) () — Op" (@)@, 1)
ryn [ [ e e, ape ) f(e)dude

= Op (auJ a)f(u
This shows the second equality. O

The operator Fy, (x)(m1)

Going back to 7 (k) = R(m1) and using the well-known properties of the Euclidean
Fourier transform Fgzn+1, for instance see (6.14), it is not difficult to turn into
rigorous computations the following calculations:

1 ()h(u) = / i, D)) W () ddydt
R2n+1

/ / (2m)” (1)(&,m, T)e!T e et
R2n+1 JR2n+1
pi(—t+3 xy)e—zyuh(u — x)dédndrdxdydt

=2 Frzn+1 () (§,u — g, e h(u — x)dédx

R7 xR"™

=27 Frzn+1 (k) (&, u — u?;v, 1)e =) p(v)dédo,

R xR™

after the change of variable v = v — 2. Comparing this last expression with (6.15),
we see that

1 (K)h(u) = \/%/n / FEO) Fon o (1) (€, 2 ;F Y 1)h(v)dedo,
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may be written as

m(x) = (2m) 7%

More generally, we could compute in the same way 7 (k) or use the following
computational remarks.

2n+41

Y [Frenss (8)(, -, 1)) = (27)

FR271+1 (/{) (D, X, 1) (618)

Lemma 6.2.4. Let A € R\{0}. With the convention given in (6.9) we obtain

(k) = w*ﬁﬂ%@@ (ko Dy, /m) (6.19)

(2m) % [fwl K) (VA VA .,A)}, (6.20)

or, equivalently,

mA(r)h(u)
/ n(x,y,t)eiA(7t+%my)67iﬁy“h(u — V| A|z)dzdydt (6.21)
R2n+1

(2m) 25 /R = Fonr (1) (VN € VA ““’ , \h(v)dvde. (6.22)

nxR™

We also have

(k) = m_\(k 0 O), (6.23)
and forr >0, Q =2n+ 2,

mA(r%k 0 D) = w2 (k). (6.24)
For any X € $(h,,) and r > 0, we have
WA(DT—lX) :7TT—2/\(X). (625)

Here $U(h,,) stands for the universal enveloping algebra of the Lie algebra b,,,
see Section 1.3.

Proof of Lemma 6.2.4. By (6.8), we have for h € L?(R") and (z,y,t) € H,,

m(z,y, t) h(u) = mx ((,y,6) ") h(u) = mx(—z, —y, —t)h(u)
6i)‘(7t+%“’y)e%ﬁy“h(u— [A|x).
Thus
mh() = [ () male,.0)"h(w) dodyi
H

n

= / Kz, y, t)e = t+37y) _“fy"h( |\ z)dadydt.
2n+1
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This is Formula (6.21).
For Formula (6.23), since by (6.10) we have m_) = m) 0O for any A € R\{0},
we see that

maln) = [ ey Om o) dedy
Hy,

/fi(w,y,t)mx(Q(x,y,t))*dmdydt
Hy,

[ (O ) s 0) dedydt = 550 ©),
HVZ

after the change of variables given by ©, which has the Jacobian equal to 1. We
proceed in the same way for formula (6.24)

(e D,) = [ oDy tmaept) rdsdyds

n

= /H(fc,y,t)m(Dfl(x,y,t))*dwdydt
H

n

= / Kz, y, t)m—2p (2, y, t) dedydt = 7,-25(k),
Hy,

after the change of variable given by D,., using (6.10).
For any X € $(h,,) and & € S(G), recalling D,-1 X from (6.4), then using
(XK)o D, =(D,-1X)(koD,) (6.26)
and (6.24), we have
T2 (X)m-2x (k) = m-25(Xk)

= m(r%Xk)oD,)
= m(@?D,-1X)(koD,))
= (D1 X)mA(r%k 0 D,)
= (D Xy (),

and this shows (6.25).
Thus Formulae (6.25), (6.24) and (6.23) hold for any A € R\{0}.

Let us assume A > 0. Using m\ = 7 o Dﬁ we see that

male) = [ ey Om (D se.0) dedy
H,,

/ H(Dl/ﬁ(sc,y,t))ﬂ'l(:c,y,t)*)f(”Jrl)d:cdydt
H

n

_ - (K ° Dl/ﬁ) ,
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and this gives Formula (6.19) for A > 0. But Formula (6.18) gives here
m (k0 Dy,y5) = @R 00" [ Faan (k0 Dy ) 3) (1)
Since a simple change of variable in R?"*! yields
Fransi (ko Dy /5) = A" (Faznia (5)) 0 D, (6.27)

we obtain Formula (6.20) for any A > 0.

For A < 0, we use Formula (6.23) and the case A > 0, that is,

m(k) = w_x(koO)

Hence Formula (6.19) is proved for any A < 0. Here, Formula (6.18) and the
relation Fgzn+1(k 0 ©) = Fren+1(k) 0 © with (6.27) give

m (000D =) = @0 0P [Feswni(no©0 Dy 1)
(27r)n+%(_>\)n+1 (]:R2n+1 (KJ)) 0®o ‘D\/_i)\(.7 . 1)7

we obtain Formula (6.20) for any A < 0. O
From Lemma 6.2.4 or from (6.11), we see that
™ (X;) = 0p™ (iv/NE) and  mA(Y;) = Op™ (ivVu;). (6.28)

Remark 6.2.5. This was already noted in [Tay84, BFKG12a]. However in [Tay84],
the Fourier transform on R™ is chosen to be non-unitarily defined by

E— f(m)e_”'gdx, feSm).
RTL

Remark 6.2.6. The Schwartz space on the Heisenberg group H,,, realised as we
have done, is defined as S(R*"*1) see Section 3.1.9. The characterisation of the
Fourier image of the (full) Schwartz space on H,, is a difficult problem analysed
by Geller in [Gel80]. See also the more recent paper [ADBR13].
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6.2.3 Plancherel measure

The dual ]ﬁln of the Heisenberg group H,, may be described together with its
Plancherel measure by the orbit method, see Section 1.8.1. Here we obtain a con-
crete formula for the Plancherel measure i of the Heisenberg group H,, using well
known properties of Euclidean analysis together with our choice of representatives

for the elements of H,,, especially the Schrodinger representations 7).

Proposition 6.2.7. Let f € S(H,,). Then for each A € R\{0} the operator f(my)

acting on L?(R™) is the Hilbert-Schmidt operator with integral kernel
Kf7)\ :R" x R" —)(C,

given by

Kpa(ue) = a4 [ 08 (1)(V e VAT N

and Hilbert-Schmidt norm

-~ 3n

+1 _n
[fm)llas(z2@nyy = 2m) 27 A7 2| Frensa (/) Ml 2@en)

3n

Furthermore, we have
/ lf(x,y,t)\zdxdydt=cn/ 17 () 1B 12 ) | A,
H,, AER\{0}

where ¢, = (2mr)~ G,

e W ([ [ R (€ w0 e

In particular, Proposition 6.2.7 implies that the Plancherel measure p on the
Heisenberg group is supported in {[mx], A € R\{0}}, see (6.29). Moreover, we have

du(my) = calA"dA, A € R\{0}.

The constant ¢,, depends on our choice of realisation of 7 € [m,].

Proof of Proposition 6.2.7. By (6.22), we have for h € L?(R") and u € R",

Faronw) = @aytt [ [ ez (1) (/g VAT Vo) dudg

2

/ Ky a(u,v)h(v)dv,
R

o~

where Ky » is the integral kernel of f(my) hence given by

Ky o) = (@) [ e F s (1) INE VAT Ve
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Using the Euclidean Fourier transform (see (6.13) for our normalisation of Fgn),
we may rewrite this as

Kya(u,v) = (2m) 3743 P {fwm(f)(m A U,A)} (v —u).

The L?(R™ x R™)-norm of the integral kernel is
/ |K 2 (u,v) Pdudv
R™ xR™

:(QW)S"“/R | Frn {fR2n+1(f)(m.,ﬁ“+”,A)}(uu)|2dudv

n xR" 2

= ] B { B (O, ) | (0PI E dun

after the change of variable (w1, ws) = (v—u, VA%E2). The (Euclidean) Plancherel
formula on R™ in the variable w; (with dual variable &) then yields

/ |Kf,,\(u,v)|2dudv
R’ann
=<27r>3”+1/ / (Fasns (F) (3/TNE1, w2, A) 2N~ déyduvs
Rn Rﬂ.
— (2m)P A / / (Fasnss (F)(€, wa, A)[2deduvs,
R JR"

after the change of variable £ = \/W 1. Since f € S(H,,), this quantity is fi-
nite. Since the integral kernel of f(my) is square integrable, the operator f(my) is
Hilbert-Schmidt and its Hilbert-Schmidt norm is the L2-norm of its integral kernel
(see, e.g., [RS80, Theorem VI.23]). This shows the first part of the statement.

To finish the proof, we now integrate each side of the last equality against
|A|"d\ and then use again the (Euclidean) Plancherel formula on R?"*! in the
variable (&, ws, A). We obtain

/ / | K f 2 (u,v) Pdudv |N]™dA
R\{0} JR" xR

= ntl 2n41 w2, N |2dédwad)
et [ e ()6 s N

= (27r)3”+1 /[R2 . |f(z,y,t)|2dxdydt.

This concludes the proof of Proposition 6.2.7. 0

It follows from the Plancherel formula in Proposition 6.2.7 that the Schro-
dinger representations my, A € R\{0}, are almost all the representations of H,
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modulo unitary equivalence. ‘Almost all’ here refers to the Plancherel measure
1= cp|A\|"dX on H,,. The other representations are finite dimensional and in fact
1-dimensional. They are given by the unitary characters of H,,

Xw : (z,y,t) — ellzwityws) gy — (w1, ws) € R™ x R™ ~ R?",

See also Example 1.8.1 for the link with the orbit method.

We can summarise this paragraph by writing

Hy, = {[ms], A € R0} J{Ixw), w e R} E" {[m], A€ R\{0}}. (6.29)

6.3 Difference operators

In this section we compute the difference operators A, ., A, , and A; which are

the operators defined via

Y5

Ay K(my) = malwgk),
Ay R(my) = ma(ysk),
AR(my) = ma(tk).

General properties of such difference operators have been analysed in Section 5.2.1.
Here we aim at providing explicit expressions for them in the setting of the Heisen-
berg group H,.

6.3.1 Difference operators A, and A,
We start with the difference operators with respect to « and y.

Lemma 6.3.1. For any j=1,...,n,

1 1
Bajlny = aad (ma(Y;)) = madug‘,
1 1
ij|m = 7aad (’/T)\(X])) = *ma’dauj.

By this we mean that for any k in some Kqp(Hy) such that xzjk is in some
Koy (Hy) or yjk in some Koy (Hy,) for Ay, or Ay, respectively, we have for
all h € S(R™) that

R - w; (R(m u) — (B(my) (u; U
(Ag;R(m)) B (u) = m( j (R(ma)h) (w) — (R(ma) (uih)) (u))
(Ay,R(mA)) h(u) = b (=0u, {R(ma)h} (w) + R (mx){0u, h} (u)) .

ivA
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Proof. Although we could just use direct computations, we prefer to use the fol-
lowing observations. Firstly we have by (6.2) and (6.3) that
Y, - }73 =20, = Ox; and Xj — X; =y;0; = Owy;.
Secondly for any 1 in some K, ,(H,),
TA(Oik1) = mA(Tk1) = ma(T)ma (k1) = idma (K1), (6.30)

as T = 0, and using (6.11). Therefore, these two observations yield

ma(sR) = wm @agn) = o (0 - Yi)n)
= 5 (M) - )
_ 1A (ma(Yj)ma () = ma (k) ma (V5))
and
ma(yik) = 1)\ A (Ouysk) = %m ((Xj*Xj)”)
1

= oy (mR)ma(X;) = ma(Xj)ma (k) -
Using Lemma 6.2.1, we have obtained the expressions for A, and A, given in

the statement. O

Above and also below, we use the formula for the symbols of right derivatives,
for example, 7y (Y;r) = mx(k)7r(Y;), see Proposition 1.7.6, (iv).

Before giving some examples of applications of the difference operators A,
and A, , let us make a couple of remarks.

Remark 6.3.2. 1. The formulae in Lemma 6.3.1 respect the properties of the
automorphism O. Indeed, using (6.23) we have

(B2, B(M)) lnmn_y = (@GR(T)) [r=n_y = 7 a(25 )—WA(( K)o ©)
m (2 K0 ©) = Ay, k0 O(my) = Ay, (R(m—)),

(ij /’%(7")) ‘Tr:ﬂ_x

@i R(T)) [r=r_y = T-A(ys5 )—ﬂ ( k)0 ©)
= m(-y; 0 0) = Ay KoB(m) = —A,, (R(r_,)).

This can also be viewed directly from the formulae in Lemma 6.3.1:
(Az,B(T)) lr=m_y = 24w (R(m2)) = Aay (R(r—2)),

(AyRM) lrmry = ——r=addy, = A, (R(r_2)).
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2. The formulae in Lemma 6.3.1 respect the properties of the dilations D,.. This
time using (6.24), we have
(A, R(m)) Iz, 2y, = (@A) n=r, sy = mr-2r(zK) = mr (r9(2;) 0 D;.)
= rmy (erj koDy) =71 Ay, (R(m-2y)).
This can also be viewed directly from the formulae in Lemma 6.3.1:
~ 1 ~
(Amjn(ﬂ.» |7":7"r*2A = T oy (ade) (K(mr-2x))

1 ~
= rx <\/W (ade) (K(Wrzk))>

r Ay, (R(m,-21)) -

In exactly the same two ways we obtain for A, that

(Ay;/}%(ﬂ—)) |7T:7TT72)\ = Tij (/"%(WT—2)\))'
Lemmata 6.3.1 and 6.2.3 imply:
Corollary 6.3.3. If 7(my) = Op" (ay) and ay = {axr(&,u)}, then

1

Ay R(my) = op" <3ja>\>,
VIA

Ay R(m) = Op"V (\Z&aum).

If &(my) = Op" (ay) and ay = {ax(£,u)} as in the statement above, we will
often say that ay is the A-symbol.

Up to now, we analysed the difference operators applied to a ‘general’ group
Fourier transform of a distribution x (provided that the difference operators made
sense, see Definition 5.2.1 and the subsequent discussion). This is equivalent to
applying difference operators acting on symbols, see Section 5.1.3. In what follows,
we particularise this to some known symbols, mainly to the one in Example 5.1.26,
that is, to m(A) where A is a left-invariant differential operator such as A = X, Y;
or T.

We now give some explicit examples.

Example 6.3.4. We already know that A, 1 = 0, see Example 5.2.8. We can
compute

Azjw,\(Xk) = 75]']@1, Amjﬂ')\(yk) =0 and Amjﬂ')\(T) = 0, (631)

and
Ay, mA(L) = —2mA(X;). (6.32)
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Proof. By Lemma 6.3.1,

Beyma(X) = ad (i) ma(Xk) = = ma(¥;), m (X))
= %W AYj, Xl
since )y is a representation of the Lie algebra g. Similarly,
Aeymy(Yi) = wad (1)) (%) = malVy, Vil
Amll) = Sad(m)m(T) = 2oy, 1]
By the canonical commutation relations, we have
Y5, Xi] = =0T, [YV;,Yk] =0 and [V}, T]=0.

Since 7y (T) = iAl, we obtain (6.31).
In the same way, we have
1 1
Ag,mA(Xy)? = aﬂ')\[i/j,X]z] and Ay m\(Y)) = am[Yj,Y,f].
Using the canonical commutation relations, we see that Y; and Y, commute in

the Lie algebra g thus Y; and Yk2 commute in the enveloping Lie algebra U(g):
[Y;, Ykz] = 0. Again using the canonical commutation relation we compute

Y, XP] = —20;1. X, T,

since
ViXP = Y XpXp = (=0T + XiY;) Xx
= 0T Xy + Xk(—éjkT + Xkyj)
= =20 X T + XY
Therefore,
1 —20; —20;
AIjTF)\(Xk)Q = ,—7r)\(—2(5j;€XkT) = " jkﬂ')\(X}cT) = . jkﬂ')\(Xk)F)\(T)
iA A A
—95. .
- iA]k”A(Xk)(M) = =20, (Xk),
and A,;jﬂ')\(YkQ) = 0. This implies (6.32). O

Ezample 6.3.5. We already know that A, T = 0, see Example 5.2.8. We can com-
pute

ijﬂ')\(Xk) = O7 ijﬂ')\(yk) = _5jk1 and ijﬂ')\(T) = 07 (633)

and
Ay, mA(L) = =2m\(Y5). (6.34)
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Proof. Proceeding as in the proof of Example 6.3.4, we have

Ay m(Xy) = —%ad(w,\(X )m(xk):_%m[xj,xk},
AymaVi) = —aad (ma (X)) ma(Ye) = — 5 ma[X;, Vi,
Bym(T) = —cad (12 (X;) TA(T) = — 2 ma[X, 7],

and this together with the canonical commutation relations and my(7T") = ¢Al, yield
(6.33).

For the second part of Example 6.3.5, we have

1 1
Ayma(Xp)? = = m X5, XE] and - Ay m(V) = -
and using the canonical commutation relations we compute [X;, X7] = 0 whereas

(X, V2] = 26, Y3 T,

X5, Y2,

since
XjY,f = X;VWY, = (0;sT + Y X,)Ys
= 5jkTYk + Y. ((SjkT + Yka)
= 26jkYkT + chsz'
Therefore

1
ijﬂ')\(yk)2 = —aﬂ')\(Q(sjkYkT) = —Q(Sjkﬂ')\(yk) and Ay].ﬂ')\(Xlz) = 0

This implies (6.34). O

6.3.2 Difference operator A;

Naturally, very important information will be contained in the difference operator
corresponding to multiplication by t.

Lemma 6.3.6. We have
Atlry =0+ 5> Ay Byl + 57 D Am 5By, ns + Ay ma(X5) ]
j=1 j=1

By this we mean that for any k in some K (H,) such that tk is in some Ko 1 (Hy,),
we have

Atﬂ')\(,‘i) = ’La,\ﬂ')\ ZAmJAy]ﬂ—)\()

j 1

2)\ Z {7T/\ ijﬂ—)\ ) + AIjﬂ)\(H)W)\(Xj)} )
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or, rewriting this with the equivalent notation K(my) as before,

n

AR(my) = iO\R(my) + % ZA% Ay, R(my)
)\Z{m Vi) Ay, R(ma) + Ay R(ma)mA(X5) } -

Before giving some examples of applications of the difference operator A;,

let us make a couple of remarks.

Remark 6.3.7. 1. This lemma shows that the difference operators act on the

field of operators {mx(x), A € R\{0}}, rather than on ‘one’ m)(k) for an
individual A, see Remark 5.2.2.

In a similar way as in Remark 6.3.2, the formula in Lemma 6.3.6 respects the
properties of the automorphism © and the dilations D,.. Indeed, using (6.23)
we have

(AR(T)) r=r_ = (5’%(7")) r=r_y = T_x(tk) = mx ((tK) 0 ©)
= m(—tkKoO) = —AoO(m) = A (R(r_»)),

that is
(AtR(T)) lr=rn_y = —A¢ (K(T-2)) - (6.35)
For the dilations, using (6.24), we have
(At/’%(ﬁ)) |ﬂ':‘n',ﬂ72/\ = (t ( )) ‘TI':T{'T,Z)\ = 7T,«—2,\(tli) = T\ (T‘Q(tli) o DT)
= 7’1 (r% ko D,) = 1A (R(m,-2))) .
that is

(AR(T)) lrmr, o, = 1A (B(m,-21)) - (6.36)
Formulae (6.35) and (6.36) can also be viewed directly from the formula in
Lemma 6.3.6:

(AR(T)) [r=r_\ = iOx,=—a{mr, (K)} + 5 Z{A’z] (K)}r=r_x

+—5 Z{w (k) + Doy m(K)T(X;) e _ys (6.37)

. . 1 &
(AR(T)) lr=r, 2, = ©On=r-2x{mx (8)} + 5 > {8, Ay (K rmr, o,
j=1

o 2,\ Z{“ (k) + Au, m(K)T (X)) brr, o, - (6.38)
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For the first terms in the right hand side in (6.37) and (6.38) we have easily
that

My=—amr (k) = —O\{m-xr(K)},
a)q:rszﬂAl (li) = 7“2({9>\{7TT72>\(I<L)}.
From Remark 6.3.2 we know that

Eﬁﬁm I: = A @((w( m))

y; FA\T) ) le=n_n = — T—X

(Ag, 5(m)) frmr, o, TA%( R(m-2y)) (6.39)
(Aygﬁ(ﬂ)) |7T:7T,.72)\ = TA Yj ( ( r—z)\))

so we have for the second term of the right hand side in (6.37) and (6.38)
respectively:

Z{A% }Tr T_x _ZA%AZIJ (E(W*A)%

Z{A% () }rem, o, = ZZA%A% R(m-2y)).

Now viewing X; and Y; as elements of the Lie algebra and left invariant
vector fields, we see using (6.23) and (6.6) that

TA(Xj) = mA(O(X))) = 1-A(X; 0 ©) = mA(X)),

TaY;) = —ma(OY))) = —ma(Yj 0 0) = —m(Yj),
and, using (6.25) and (6.4), we obtain
erzA(Xj) = ﬂ')\(DT71Xj) = T717T)\(Xj),
-2z (Y;) = m(D—Yj) = 7"_177/\(}/.7’)-

So from this and (6.39) we obtain for the third terms of the right hand side
n (6.35) and in (6.36) that

n

—55 DAY A (k) + Agym(R)(X)) brn_y

=793
?5322”“ JAy, mx(8) + Ag, mr(m)m_x(X;),
QngAjEjjl{wm)Am(n)+A%w<m>w< Vrmr, s,
_ ﬂ% i Tman (V) Ay, mom2n () + Ay, mym2p (8)T_2 (X;).
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Collecting the new expressions for the three terms of the right hand sides in
(6.35) and in (6.36) we obtain a new proof for Equalities (6.35) and (6.36).

Proof of Lemma 6.5.6. Let k be in some I, (H,) and h € S(R™). We start by
differentiating with respect to A\ the expression from Lemma 6.2.4:

7r)\(/<;)h(u):/ /s(x,y,t)eM(*tJr%wy)e*iﬁy“h(uf |A|x)dxdydt,
Hy

and obtain

8)\ {TFA(H)h’(u)} = / K/(LL', Y, t)ei/\(itdF%zy)e*i\/qu
Hnr
. 1 )
i(—t+ sxy) —i

(L3152

indeed with our convention we have

- 1
Vh = Dy h, d a{VA WV} = —=
oVh =2 a0t and VAL = W VI = o=

1
2V/A

] h(u —+/|A\|z) — xVh(u — |)\z)> dzdydt;

We can now interpret the formula above in the light of difference operators as

Oma(k) = imy((—t+ xy +Z{ ma(yK) — 2\1/X7T)\($jl-’i)auj}

= —iAma(k) + ; ZA%A%'/TA( )
j=1
7% Z {WA(YJ) (ijﬂx(li)) + (Ax].w)\(/ﬁ)) 7T>\(Xj)} ,

using (6.11). O
We already know that

AtI =0 and At’fr)\(Xk) = At’ﬂ')\(Yk) = 0, (640)

see Example 5.2.8 and Lemma 5.2.9, but we can also test it with the formula given
in Lemma 6.3.6. We also obtain the following (more substantial) examples:

Ezxample 6.3.8. We can compute
Ay (T) = -1, (6.41)

and
Ayma(L) =0. (6.42)
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Proof. Since
A (T) = iAl

(see Lemma 6.2.1), we compute directly dxm(T) = iI. By (6.31) and (6.33), we
know
Ay].ﬂ')\(T) = AIJ,W)\(T) = O,

thus we have obtained (6.41) by Lemma 6.3.6. Furthermore, by (6.12), we have

and by (6.32) and (6.34)
Z {mA(Y)) Ay, mA(L) + Ay, ma(L)mA (X))}

:—Z{ﬂ )2 (Y;) + 27 (X;)ma(X;) = —2ma (L)},

and also by Example 6.3.4, we get
ijijﬂ')\(,C) = —ijZWA()/}) =0.

Combining all these equalities together with Lemma 6.3.6 yields (6.42). d

Note that (6.42) can also be obtained from (6.40) and the Leibniz formula
(in the sense of (5.28)) for A;.

In terms of A-symbols, we obtain

Corollary 6.3.9. If &(my) = ma(k) = Op" (ax) with ax = {ax(&,u)}, then
A (1) = 00" (Brguan )
where

~ 1 &
8,\,g,u =0\ — n Z (uj(’)uj + fjagj) . (643)
=1

Proof. Using formulae (6.28), Corollary 6.3.3 and the properties of the Weyl cal-
culus (see especially the composition formula in (6.16)), we obtain easily that

mA(Y;) Ay, ma(k) = (\Fuj>0p (ﬁau]m)
= —0p" (u;) Op" (9, a1)

1
w
= *Op <U]8u7 ay) — 2*@657 auja)\) s
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and
-1
A, X)) = OpW | —=0: ar | Op" (iV|N¢;
ST (R) A (X5) p <Z\/W JGA) p (Z \|§J>
= —0p" (9¢,ax) Op" (&)
1
= _OpW <(a£]ak)£j - %BUja§ja)\) )
thus

WA()/J)A% ﬂ')\(lﬂ) + Amjﬂ'k(‘%)ﬂ')\(Xj)

1 1
= —OpW (ujauja)\ - mﬁgjauja)\> — OpW ((85]@,\)5]' — 22,8,%.8@@) .
1
= OpW (—uj@uja,\ —&j0¢;an + ‘8&0“],&,\) .
i
We also have
Ay A, m(K) op" [ Lo, —Lo, a
iy A p Z\/W & Z\/X 3 YA
1
— 7XOpW (0, 0u,a0) - (6.44)

Bringing these equalities in the formula for A; in Lemma 6.3.6, we obtain

. I
Ama(r) = idama(k) + §ZAI_7Ay_77r)\(n)
j=1

1~ 1
= i0p" (Oran) + 5 Z _XOPW (0¢,0u,ax)

Jj=1

+
)
y‘N.
INgE

@)

T

s
N

1
_ujauja)\ — fjagja,)\ + iagjauja))

= OpW 10 ay — 3\ (ujaujaA+£j65jaA)) .

This completes the proof. g
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6.3.3 Formulae

Here we summarise the formulae obtained so far in Sections 6.3.1 and 6.3.2. Let
us recall our convention regarding square roots (6.9) setting

VA= Sgn(A)\m:{ \_Fi\/m iizg

For the Schrédinger infinitesimal representation we have obtained (see (6.11),
(6.12) and (6.28)) that

m(X) = VP, = op" (ivINg)
m(Y;) = iﬁuj = OpW Zﬁuj)
m(T) = Al = 0 W(z’A)
m(L) = AIX,0 ) = op" (N, (=g -uw)
while for difference operators (cf. Lemmata 6.3.1 and 6.3.6) we have
Agjlry, = %ad(w,\(Yl)) = madu]
Ay lry = —Fad(ma(X;)) = —%ad@uj
At|7TA = Za/\—’_ Zg 1A11Ay1|ﬂ',\ 2)\ ZJ 1{7T>‘ ‘TFAAQJ+AIJ|7TA7T)\( )}

and in terms of A\-symbols, that is, with

R(my) = ma(r) = 0p” (an) and ax = {ax(§, w)},
(cf. Corollaries 6.3.3 and 6.3.9):

Ay, ma(k) = iop" (ﬁajm\)
Aymae) = 0" (L, a) (6.45)
Ayma(k) = iOp" 5,\§,uaA>

= i0p" ((0x — & ?zl{ujau_,.+§ja§j})ak)

In Examples 6.3.4, 6.3.5, 6.3.8 together with (6.40), we have also obtained
‘ 7T)\(Xk) ‘ 7T)\(Yk) ‘ 7T)\(T) ‘ 7T)\(£)

ij —0j=k 0 0 —QTF)\(XJ')
Ay, 0 0=k | 0 | =2m\(Yj)
Ay 0 0 -1 0

The equalities given in the following lemma concern another normalisation of
the Weyl symbol which is motivated by (6.20) and by the fact that the expressions
of the right-hand sides in (6.45), in particular for the operator ‘%,Em become then
very simple:
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Lemma 6.3.10. Let ay = {ax(&,u)} be a family of Weyl symbols depending smoothly
on A # 0. If ay is the renormalisation obtained via

ax(&u) = ax(v/INE V), (6.46)

then

{0rax VN Vi),
\/W{ Je;an} (€, u) {0e,ax}(V/INE V),

duyan} (€u) = {0u,axHVINE V).

{5)\§ua)\}(€, u)

"t
Proof. We see that

e (e L,
ax(&,u) = A<m€7\f/\ >7

thus
- 1
Ohax(&,u) = (Oran) (\/W >
zxm VIV
1 1
ZW( o (e )
and

(Oxax)(&,u)

(Vg f“]
Z(mm )+ 30 e

dMax(§,u) — ﬁ Z (&50¢,ax (&, u) + ujOy,ax (€, )
j=1

{8)\&)\} (\/Nf, ﬁu)

= Oreuan(,u).
This shows the first stated equality. The other two are easy. O
Lemma 6.3.10 and the formulae already obtained yield
Ay, ma(k) = i0p" (9¢,an) .

ij ﬂ-/\(ﬁ) = ZOpW (a’uJ d}\) )
Atﬂ',\(li) = iOpW (8)\6)\) 5
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where the A\-symbol ay of 7y (), that is, 7y (k) = Op"” (ay), has been rescaled via
(6.46), i.e.

a)\(f,U) = d)\(\/mgv \/XU)

Recall that

2n

ax(&,u) = (21) 72 Faner () (VINE VU, V),
see (6.20), so

2n+1

(€, 1) = (2m) 5 Fazuss (6)(&, 0, \).

The above formulae in terms of the rescaled A-symbols look neat. The draw-
back of using this rescaling is that one rescales the Weyl quantization:

#(mx) = 0p" (ax) = Op" (dA (m, ﬁ)) :

Since our aim is to study the group Fourier transform on H,,, it is more natural
to study the Weyl-symbol ay without any rescaling.

In fact, the following two sections are devoted to understanding xk = {7 ()}
as a family of Weyl pseudo-differential operators parametrised by A € R\{0}. The
Weyl quantization will force us to work on the A-symbol ay directly, and not on
its rescaling ay.

This will lead to defining a family of symbol classes parametrised by A €
R\{0} for the A-symbols ay. This will be done via a family of Héormander metrics
parametrised by A € R\{0}. Importantly the structural bounds of these metrics
will be uniform with respect to A. The resulting symbol classes will be called
A-Shubin classes.

6.4 Shubin classes

In this Section, we recall elements of the Weyl-Hormander pseudo-differential cal-
culus and the associated Sobolev spaces, and we apply this to obtain the Shubin
classes of symbols and the associated Sobolev spaces. The dependence in a pa-
rameter A will be of particular importance to us. We will call the resulting symbol
classes the A-Shubin classes.

6.4.1 Weyl-Hormander calculus

Here we present the main elements of the Weyl-Hormander calculus that will be
relevant for our analysis. For more details on the underlying general theory, we
can refer, for instance, to [Ler10].

We consider R” and identify its cotangent bundle T*R™ with R?". The canon-
ical symplectic form on R?” is w defined by

W(Ta T/) =T 6/ - 33/ ' ga T = (§7$)a T/ = (51’ .I‘/) € RQH.
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Definition 6.4.1. If ¢ is a positive quadratic form on R?", then we define its con-
Jjugate ¢¥ by

T T/ 2
VT c R2" qw(T) = sup |(U( ) ; )|
rrerzn\foy (1)

and its gain factor by
— ¢“(T)
¢= in .
rer>m\{0} q(T)

Definition 6.4.2. A metric is a family of positive quadratic forms

g:{gx,X €R2n}

depending smoothly on X € R?".
e The metric g is uncertain when VX € R2", Agy > 1.

e The metric g is slowly varying when there exists a constant C' > 0 such that
we have for any X, X’ € R?™:

— T) gX’(T) _
X—-X'<(C'= su (gX( + <C.
gx(X - X) < rein® oy \on (1) T gx (1)

e The metric g is temperate when there are constants C > 0 and N > 0 such
that we have for any X, X’ € R?*" and T € R*"\{0}:

gx(T)

~ w "N
oy < CO g (X X)),

A metric g is of Hormander type if it is uncertain, slowly varying and tem-
perate. In this case the constants C' and N appearing above and any constant
depending only on them are called structural.

Proposition 6.4.3. A metric g = {gx, X € R?"} is slowly varying if and only if
there exist constants C,r > 0 such that we have for any X,Y € R?" that

gx(Y = X) <r? = VT gy(T) < Cgx(T). (6.47)

Proof. If g is slowly varying then it satisfies (6.47). Conversely, let us assume
(6.47). Necessarily C > 1 since we can take X =Y in (6.47). If gx (Y — X)) <
C~1r% then gx (Y — X) < r? and, applying (6.47) with T =Y — X, we obtain

gy (Y = X) < Cgx(Y — X) <72,

thus re-applying (6.47) (but at gy), we have gx(T') < Cgy(T) for all T. This
shows that g is slowly varying. g
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Remark 6.4.4. If g satisfies (6.47) with constant C' > 1 and r > 0 then g is slowly
varying with a constant C' = min(C~1r?,20).

Ezample 6.4.5. Let ¢ be a positive smooth function on R?" which is Lipschitz on
R?". We denote by T+ |T|? the canonical (Euclidean) quadratic form on R2".
The metric g given by

9x(T) = o(X)7*|TP?
is slowly varying.
Proof. Let us assume gx (Y — X) < r? for a constant r > 0 to be determined. This
means |Y — X| < r¢(X). Since ¢ is Lipschitz on R?", denoting by L its Lipschitz
constant, we have

P(X) < oY)+ LIX = Y| < ¢(Y) + Lro(X),

thus
(1= Lr)g(X) < o(Y).
Hence if we choose r > 0 so that 1 — Lr > 0, we have obtained
VI gy (T) < Cyx(T),

with C' = (1 — Lr)~!. This shows that gx satisfies (6.47) and is therefore slowly
varying. g
Remark 6.4.6. If ¢ is L-Lipschitz then g given in Example 6.4.5 satisfies (6.47)
with any r € (0, L~1) and a corresponding C' = (1 — Lr)~ .

Definition 6.4.7. Let g be a metric of Hérmander type. A positive function M de-
fined on R?" is a g-weight when there are structural constants C’ and N’ satisfying
for any X,Y € R?":

x(X-Y)< (0= %g)) + %g% <,
and
%g; <O+ g2 (X —Y)V.

It is easy to check that the set of g-weights forms a group for the usual
multiplication of positive functions.

Definition 6.4.8 (Hormander symbol class S(M,g)). Let g be a metric of Hor-
mander type and M a g-weight on R?". The symbol class S(M,g) is the set of
functions a € C°°(R?") such that for each integer £ € Ny, the quantity

or, ...0r,a(X
llalls(ar,g),e :=  sup |0, 1, a(X)|
e/ S€7XER2’!L M(X)
gx (T )<1

is finite.
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Here Ora denotes the quantity (da,T).
The following properties are well known [Lerl0, Chapters 1 and 2]:

Theorem 6.4.9. Let g be a metric of Hormander type and let M, My, My be g-
weights.

1. The symbol class S(M, g) is a vector space endowed with a Fréchet topology
via the family of seminorms || - || s(ns,g),e, £ € No.

2. If a € S(M,g) then the symbol b defined by
opYh = (Opwa)*
is in S(M,g) as well. Furthermore, for any £ € Nq there exist a constant
C > 0 and a integer ' € Ny such that
10l s(a1,9),¢ < Cllalls(ar,g),e-

The constant C and the integer £ may be chosen to depend on £ and on the
structural constants and to be independent of g, M and a.

3. If ay € S(My,g) and ay € S(Ma, g) then the symbol b defined by
0p"'b = (0p"ay) (0p"as),
is in S(M1Mas, g). Furthermore, for any £ € Ny there exist a constant C > 0
and two integers €1,0s € Ny such that
1Bl 5311 M3,9),¢ < Cllar|ls(ary ), |2l s(01,9), 2

The constant C' and the integers {1, > may be chosen to depend on ¢ and on
the structural constants and to be independent of g, My, My and ay,as.

Definition 6.4.10 (Sobolev spaces H(M, g)). Let g be a metric of Hérmander type
and M a g-weight on R?". We denote by H(M, g) the set of all tempered distribu-
tions f on R such that for any symbol a € S(M, g) we have Op" (a)f € L*(R™).

Theorem 6.4.11. Let g be a metric of Hérmander type on R?".

1. The space H(1,g) coincides with L?>(R™). Furthermore, there exist a struc-
tural constant C' > 0 and a structural integer £ € Ny such that for any symbol
a € S(1,g), we have

100" (@)l 2(L2®n)) < Cllallsq,g),e-
2. Let My, My be g-weights. For any a € S(My, g), the operator OpW(a) maps

continuously H(Ma, g) to H(MaM;', g). Furthermore, there exist a constant
C > 0 and an integer £ € Ny such that

w
1OP™ (D) 2 (rr(at2.), 11 (1217 )y S Cllalsan )0

The constant C and the integers £ may be chosen to depend only on the
structural constants of g, M1, My and to be independent of g, M and a.
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6.4.2 Shubin classes ¥.7'(R") and the harmonic oscillator

It is well known (and can be readily checked) that the metric

d€? + du?
(L+ [uf? + [€2)

is of Hormander type with corresponding weights (1 + |u|? + |¢]2)™/? for m € R.
This will be also shown later in the proof of Proposition 6.4.21. For m € R and
p € (0,1], we denote by ¥7*(R"™) the corresponding symbol class, often called the
Shubin classes of symbols on R™:

Zp(RY) =S ((1 Juf? 4 |gpymre, dE e ) |

(14 Jul? + [¢2)?

This means that a symbol a € C*°(R*") is in ¥"(R") if and only if for any
a, B € Njj there exists a constant C' = Cy g > 0 such that

m—p(la|+]8])
2

V(& u) €R? 1920 a(€ )| < C (L+ €17 + |uf?)
The class X' (R™) is a vector subspace of C*°(R™ x R") which becomes a Fréchet

space when endowed with the family of seminorms

AR 1 (L)
lallsy v = sup (1+[E* + |uf?) |0 0, a (&, u)l,
£,u)ER™ xR™
lal,|BISN
where N € Ny. We denote by
UE7(R") = Op" (S(R™))
the corresponding class of operators and by || - ||\p21)n7 ~ the corresponding semi-

norms.

We have the inclusions
p1>p2 and my <mg = UET(R™) C UX2(R").

Ezample 6.4.12. The operators 0,, = Opw(z{j), j =1,...,n, or multiplication
by ur = Op" (ux), k =1,...,n, are two operators in UX!(R").

Standard computations also show:
Ezample 6.4.13. For each m € R, the symbol ™, where

b(€,u) = 1+ [u? +[€]2,

is in X7*(R™).
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The following is well known and can be viewed more generally as a conse-
quence of the Weyl-Hoérmander calculus (see Theorem 6.4.9)

Theorem 6.4.14. e The class of operators UmeR‘IfE,T(Rn) forms an algebra of
operators stable by taking the adjoint. Furthermore, the operations

\I/ZT(R”) — \IJE;”(R")
A — AF

and
\I!EZ“ (R™) x \I/ZZ”’ (R") — \IJE;’”*”” (R™)
(A,B) — AB

are continuous.
e The operators in WX (R") extend boundedly to L*(R™). Furthermore, there
exist C >0 and N € N such that if A € UX)(R™) then
Al 2(r2®n)) < CllAllwsp N

From Example 6.4.12, it follows that the (positive) harmonic oscillator
Q= Z —0; +u (6.48)

is in UX2(R™).

Note that from now on @) denotes the harmonic oscillator and not the homo-
geneous dimension as in all previous chapters.

We keep the same notation for @ and for its self-adjoint extension as an un-
bounded operator on L?(R™). The harmonic oscillator @ is a positive (unbounded)
operator on L?(R™). Its spectrum is

{2/(] +n,t e Ny},

where [¢| = ¢1+.. .44, The eigenfunctions associated with the eigenvalues 2|¢|+n
are
he:x = (x1,...,2n) — hyy (1) .. he, (220),

where each h;, j =0,1,2..., is a Hermite function, that is,

7_2

&’ 2
e " 7€ R.

NN dTJ ’

The Hermite functions are Schwartz, i.e. h; € S(R). With our choice of normalisa-
tion, the functions hj, j = 0,1,..., form an orthonormal basis of L?(R). Therefore,
the functions h, form an orthonormal basis of L?(R"). For each s € R, we define

hi(r) =
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the operator (I + Q)S/ 2 using the functional calculus, that is, in this case, the
domain of (I + Q)S/ 2 is the space of functions

Dom(T + Q)S/2 ={h € L*(R"): Z 214] + n)°|(hy, h)Lz(Rn)\Q < oo},
CeNy

and if h € Dom(I + Q)*/? then

(I+Q)*/*h = Z (216] + 1)*/2 (he, h) L2 (o -
(eny

6.4.3 Shubin Sobolev spaces

In this section, we study Shubin Sobolev spaces. Many of their properties, espe-
cially their equivalent characterisations, are well known. Their proofs are quite
easy but often omitted in the literature. Thus we have chosen to sketch their
demonstrations.

The Shubin Sobolev spaces below are a special case of Sobolev spaces for
measurable fields on representation spaces, see Definition 5.1.6.

Our starting point will be the following definition for the Shubin Sobolev
spaces:

Definition 6.4.15. Let s € R. The Shubin Sobolev space Qs(R™) is the subspace of
S’(R™) which is the completion of Dom(I + Q)*/? for the norm

IRl = 1T+ Q)*/*All L2 zn).
They satisfy the following properties:

Theorem 6.4.16. 1. The space Qs(R™) is a Hilbert space endowed with the ses-
quilinear form

(0:)e. = (14 Q0.0+ Q) ,

We have the inclusions
S(R™) C Qg (R™) C Q,, (R™) C S'(R™), 51 > s2.
We also have

L*(R") = Qo(R™) and S(R™) =[] Qs(R").

seR

2. The dual of Qs(R™) may be identified with Q_s(R™) wia the distributional
duality form (g,h) = [5. gh.
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3. If s € Nog, Qs(R™) coincides with
Q.(R") = {h € L*(R") : u*d’h € L*(R") Va,B €Ny, |a| + |8| < s}.

Furthermore, the norm given by

RIS = > ([u®dlh] p2gen),
lal+|8]<s

is equivalent to || - | o, -

4. For any s € R, Q4(R™) coincides with the completion (in S'(R™)) of the
Schwartz space S(R™) for the norm

b s
IS = 0p™ (6°) hl| 2 n),

where b was given in Example 6.4.15. The norm || - ||(Qb) extended to Q4(R™)
is equivalent to || - || g, -

5. For any s € R, the Shubin Sobolev space Qs(R™) coincides with the Sobolev
space associated with the following metric weight (see Definition 6.4.10)

€2 + du?

Rn :H 1_|_ 2_|_ 25/2’)'

0.(R") = 1 ((1+ uP + 62,

6. For any s € R, the operators Op" (b=%)(I+ Q)*/? and (I+ Q)*/>0p™ (b—)
are bounded and invertible on L*(R™).

7. The complex interpolation between the spaces Qs,(R™) and Qs, (R™) is
(Lo (R"), Qs (R™))o = Qs (R"), 59 = (1= )50 + 051, 6 € (0,1).

Before giving the proof of Theorem 6.4.16, let us recall the definition of
complex interpolation:

Definition 6.4.17 (Complex interpolation). Let Xy and X; be two subspaces of a
vector space Z. We assume that X, and X; are Banach spaces with norms denoted
by |1, 5 =0,1. )

Let Z be the space of the functions f defined on the strip S = {0 < Rez <
1} and valued in Xy + X; such that f is continuous on S and holomorphic in
S={0<Rez < 1}. For f € & we define the quantity (possibly infinite)

£l = sup{|f(iy)lo, |f (1 +iy)|1}.
yeR

The complex interpolation space of exponent 6 € (0, 1) is the space (X, X1)g
of vectors v € Xy 4+ X; such that there exists f € 2 satisfying f(6) = v and
[f]l2 < oo.

The space (Xg, X1)g is a subspace of Z; it is a Banach space when endowed
with the norm given by

[olg = inf{|| fll>: f € Z and f(0) =wv}.
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We also refer to Appendix A.6 for the notion of analytic interpolation.

Proof of Theorem 6.4.16. From Definition 6.4.15, it is easy to prove that the space
Q,(R") is a Hilbert space, that it is included in 8’(R™) and that Qy(R™) = L?(R").
It is a routine exercise left to the reader that the dual of Q,(R™) is Q_4(R") via
the distributional duality (Part (2)) and that the spaces Qs(R™) decrease with
s eR.

Let us prove the complex interpolation property of Part (7). We may assume
51 > sp. For h € Q,, we consider the function

—(zs1+(1—2)sg)+sp
2

f(z2):=(1+0Q) h,
and we check easily that
fO)=h, fylle., = 1A +iyle., = Il

This shows that Q,, is continuously included in (Q,,(R"™), Qs, (R™))s. By duality
of the complex interpolation and of the Q4(R"™), we obtain the reverse inclusion
and Part (7) is proved.

Q. Yy € R.

Let us prove Part (4). For any s € R, the operator Op" (b%) maps S(R")
to itself and the mapping || - ||(Qb) as defined in Part (4) is a norm on S(R™). We

denote its completion in S'(R™) by ol (R™). From the properties of the calculus it
is again a routine exercise left to the reader that the dual of ng)(R”) is Q(_bl(R”)
via the distributional duality and that the spaces ng) (R™) decrease with s € R.

We can prove the following property about interpolation between the Q®) (R™)
spaces which is analogous to Part (7):

(QW(R™), QW (R™)g = QU(R™), 59 = (1 —0)so +0s1, 0 € (0,1). (6.49)
Indeed we may assume s; > sg. For h € Qﬁf), we consider the function
f(z) = e*t==s0)0p" (b=****") b where s. = (1—2)so+ 2zs1.

Clearly f(0) = h. Furthermore,

IFal), = levew=o|jop” (6)0p" (b=*v**) hl|p2(an)
< eV 0 op" (57 0pY (b He) Op™ (b7*) | o2 (en)
(b)
12lg,, (6.50)
and

1£(1+ iy)”(szo = |+ (siri=30)] | OpW (b*0)Op™ (b=+5+%0) Bl L2
< en e Op® (B 0p™ (b ) Op (b))
b
IIR| (Q)e (6.51)
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From the calculus we obtain that the two operator norms on L?(R™) in (6.50)
and (6.51) are bounded by a constant of the form C(1 + |y|) where C' > 0 and
N € Ny are independent of y. This shows that le;) is continuously included in
( g’;} (R™), g?) (R™))g. By duality of the complex interpolation and of the spaces
Q,(R™), we obtain the reverse inclusion and (6.49) is proved.

Let us show that the spaces ng)(R”) and Q4(R™) coincide. First let us

assume s € 2Ng. We have for any h € ng) (R™):
0. < 1T+ Q)* 720" (0™) |l (2 (rny) 1P|

As Q@ € UY2(R"), by Theorem 6.4.14, the operator (I + Q)S/ZOpW(b_s) is in
UY{ and thus is bounded on L?(R™). We have obtained a continuous inclusion of
& (R™) into Q4(R™). Conversely, we have for any h € Q4(R™) that

(b)
7] Q.

b S —S
R[S < 0™ (0°) T+ Q)~*"| £er2@ny Il 0. -

The inverse of Op" (b°)(I + @)~/ is (I + Q)*/?(0Op" (b*))~" since the opera-
tors I+ Q and Op" (b*) are invertible. Moreover, for the same reason as above,
I+ Q)*/2(0p™ (b*))~! is bounded on L?(R™). By the inverse mapping theorem,
Op" (b%)(1 4+ Q)~5/2 is bounded on L2(R™). This shows the reverse continuous
inclusion. We have proved

Q" (R") = Qs(R")
with equivalence of norms for s € 2Ny and this implies that this is true for any
s € R by the properties of duality and interpolation for ng) (R™) and Q,(R™).
This shows Part (4) and implies Parts (5) and (6).

Let us show that, for each s € Ny, the space Qs(R"™) coincides with the space

{int) (R™) of functions h € L*(R™) such that the tempered distributions u*9°h
are in L?(R™) for every o, € N such that |a| + |8] < s. Endowed with the
norm || - ||(th) defined in Part (3), (int) (R™) is a Banach space. We have for any

he Q,(R") = oY (R")

in a —s b
RIS < ST [udfop™ (™) | ceza ey RIS -
[a]+]B]<s

Since the operators u®9?0p" (b=*) are in \I/Xllla‘HBl_S(R”) thus continuous on
L?(R") when |a| + |8] < s, we see that Q (R") is continuously included in
QFJ’”) (R™). For the converse, we separate the cases s even and odd. If s € 2Ny
then we have easily that

/2
hlle. = N+ (=05, +uD) " hllL2qen
i

IN

Co Y u0ln] 2wy = Cslln S,
la|+[B]<s
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Now if s € 2N + 1, we have, since Op"” (b=1)(I + Q)'/? is bounded and invertible
(see Part (6) already proven),
o, = IT+Q)2h]r2@n) < CIOPY (07T + Q)21+ Q)*/*hll 2y

< Clop" (™)X + Y~ +ud) V2R paan
i

<G Y op" (207l 2 ey
| +Bl<s+1

<G Y 0 Bllran = ClIRIS™,
la/[+|8|<s

by the property of the calculus. Therefore, for s even and odd, ngt)(R") is
continuously included in Q4 (R™). As we have already proven the reverse inclusion,
the equality holds and Part (3) is proved. This implies

N Q®") =sE"
seR

and Part (1) is now completely proved. O

These Sobolev spaces enable us to characterise the operators in the calculus.
We allow ourselves to use the shorthand notation

(adu)™ := (aduy)** ... (aduy, )",
and

(addy,)*? := (addy, ) ... (addy,, )**".

Theorem 6.4.18. We assume that p € (0,1]. Let A : S(R™) — S'(R™) be a linear
continuous operator such that all the operators

(adu)*t(addy,)*? A, «ai,as € N{j,

are in L (L*(R™), Q_ i p(jar|+lasl)) in the sense that they extend to continuous
operators from L*(R™) to Q mip(jar|+las))- Then A € UXTH(R™). Moreover, for
any £ € N, there exist a constant C and an integer £, both independent of A, such
that

[Allwsye < C Z [(adu)®* (addu)** All (L2 ®).Q s p(1oy 141021
oy |+ | <O/

Note that the converse is true, that is, given A € WY then

Yaq,ag € N(T)L (adu)”‘l (ad@u)‘”A S X(LQ(RR), Q—m+p(|a1|+|ﬁ\)7 )
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This is just a consequence of the properties of the calculus.

The proof of Theorem 6.4.18 relies on the following characterisation of the
class of symbols
YO(R™) := S(1,de% 4 du?).

Theorem 6.4.19 (Beals’ characterisation of X3(R")). Let A : S(R") — S'(R") be
a linear continuous operator such that all the operators

(adu)*t(addy)*?A, ai,az € Njj,

are in L (L?(R™)) in the sense that they extend to continuous operators on L?(R™).
Then there exits a unique function a = {a(&, )} € BY(R™) such that A = Op" (a).
Moreover, for any £ € N, there exist a constant C' and an integer £', both indepen-
dent of A, such that

lallsg,e < C Z [(adu)** (ad0u)** All & (L2 ®n)).-
lax [+ <O/

The converse is true, that is, given a € J(R™) then A = Op" (a) satisfies
Yaq, ap € Ny (adu)* (add, )2 A € L(L*(R™)).

We admit Beals’ theorem stated in Theorem 6.4.19, see the original article
[BeaTTa] for the proof.

For the sake of completeness we prove Theorem 6.4.18. This proof can also
be found in [Hel84a, Théoreme 1.21.1].

Sketch of the proof of Theorem 6.4.18. Let A be as in the statement and b as in
Example 6.4.13. We write
B, := Opw(bs)

and
Aoy = (adu)* (addy)*? A, a1, a2 € Nj.

We set s := m — p(|a1| + |az]). Then By 1A, 0, € Z(L*(R™)). Moreover,
we have

addy, (B; ' Aayas) = (ad0u, (B;")) Aay.as + B 'ad0y, (Aaya.);

the first operator of the right-hand side is in .Z(L?(R"), Q;(R")) whereas the
second is in Z(L*(R™), Q,(R")). Proceeding recursively, we obtain that the op-

erator B;ll_p(lm‘Jrl()@‘)zﬁlm,a2 satisfies the hypothesis of Beals’ Theorem (Theorem

6.4.19). Therefore, there exists cq,.q, € L9(R™) such that

B_l Aal,ag = OpW(Cal,OtQ)

m—p(|ai|+|az|)
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or, equivalently,
Aal,az = OpW(aal»az) with Qoy,ap = bm*ﬂ(|oé1|+|042|) * Cay,an-
We have A = Op" (ag ) and

OpW(aalﬁm) = Au 0, = (adu)* (addy,)*2 A
(adu)o‘l(adau)o‘QOpW(ao7o)
= op” (i“’“(‘??l@ﬁ?ao,o) ;

by Lemma 6.2.3, thus
Aoy, = ilal‘aglagzaoﬂ-

Consequently a € X7 O

Looking back at the proof, we see that it can be slightly improved in the
following way:

Corollary 6.4.20. We assume that p € (0,1]. Let A : S(R™) — S'(R™) be a linear
continuous operator.

The operator A is in WEH(R™) if and only if there exists 7, € R such that
for each oy, an € Nij we have

(adu)™ (addu)** A € Z(Qy, (R™); Q- p(jan | +lazl)+70)-

In this case this property is true for every v € R, that is, for each v € R and
a1, a0 € Ni, we have

(adu)™* (addy)* A € ZL(Qy(R™), Qs p(las | +]aa)++)-

Moreover, for any € € N, there exist a constant C' and an integer £, both indepen-
dent of A, such that

[Allwsg,e < C Z [[(adu)®* (addu)* All (0, (R").Q— it p(1ay 1410z 4+)"
lay [+]az | <€/

Sketch of the proof of Corollary 6.4.20. We keep the notation of the proof of The-
orem 6.4.18. Let A be as in the statement and let s := m — p(Jai| + |az|). Then

BS_Jrlﬂ{Ofl,ll,o‘2 B.,, € Z(L*(R")). Moreover, we have

addy, (Bs_Jrl%Aal:azB%) = (ad@ul (Bs_Jrl%)) Aayas By,

+BS_+1’YU addy, (Aa1 »Q2 ) B’Yo

+B;+1%Aa17azB% B;Ul (adamB%) )

the first operator of the right-hand side is in Z(L?(R™), Q;(R")), the second is
in Z(L*(R"), Q,(R")) and the third is in £ (L*(R™)). Proceeding recursively, we
obtain that B;rl% Aa, o, B, satisfies the hypothesis of Theorem 6.4.19. We then
conclude as in the proof of Theorem 6.4.18. O
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6.4.4 The A-Shubin classes X7, (R")

The Shubin metric depending on a parameter A € R\{0} is the metric g©*) on R?"
defined via

Al
T4+ [A[(1 A+ (€17 + [uf?

o4t )= ))p (4 + du?).

The associated positive function M on R?" is defined via

MO (€ u) = (14 (1 + |62+ [u]?)? .

These A-families of metrics and weights were first introduced in [BFKG12a] in
the case p = 1. The authors of [BFKG12a] realised that, placing A as above, the
structural constants may be chosen independently of A:

Proposition 6.4.21. For each A € R\{0}, the metric g™ is of Hormander type
(see Definition 6.4.2) and the function MM is a g\ -weight (see Definition
6.4.7). Furthermore, if p € (0,1] is fized, then the structural constants for g(¥»)
and for MY can be chosen independent of \.

The proof of Proposition 6.4.21 follows the proof of the case p = 1 given in
[BFKG12a, Proposition 1.20].

(p,N)

Proof of Proposition 6.4.21. The conjugate of ggj‘) is (gg’u )“ given by
" 1T+ ML+ €12 + [u)\
(e, an) = (FHPETEEE D g 4 o),

The gain is then

9e,u

A L AL+ &P o+ Jul) )™
(psA) — |)\‘ .

We have for any p, A, &, u:

1+ AN\
A oy > > 1.
( A ) =

This proves the uniform uncertain property in Definition 6.4.2.

To show that the metric ¢”* is slowly varying, we notice that it is of the
form ¢(X)72|T|? as in Example 6.4.5 with

2\\ P/2
¢(X)(1+)\|(|1)\|+|X >> |
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We compute the gradient of ¢ and obtain
Vxd| = pAMEIX|(L+ AL+ [X]7)2

1-2
A 2 .
o(2) <o if [X] <1,

AX|2 1-5 _o(1_p .
pc%%%) |X[120-8) < p if |X| > 1.

IN

So ¢ is p-Lipschitz on R?". Therefore, g”* is slowly varying with a constant C
independent of A (see Example 6.4.5 as well as Remarks 6.4.4 and 6.4.6).

Let us prove that ¢”* is temperate. For any X,Y € R?" we have

V] < 21X]7 + 21X - Y]

thus )
LA+ V) K )
<242 X —-Y|°. 6.52
e <2 i Y (6.52)
Now
) A e
A <14 A1 +]X[2)  thus <1,
<TG HIR) s () S
and
N <1+ A+ |X|2>>”
T+ XE) = N

Plugging this into (6.52), we obtain

L N+ V) (1+|A<1+|X|2>>” )
<242 X —-Y|°.
T XE) < B X =]

Taking the pth power yields

A
A <1+A|<1+|Y|2>>”
4 () T+ AT+ [XP)

IN

(1 (SPER) o)

—9p (1 ( (psA )) (X—Y))p

This shows that ¢g(»*) is temperate with constant independent of \.

So far we have shown that ¢(»*) is a metric of Hérmander type. Following
the same computations, it is not difficult to show that M) are g-weights with
constants independent of A. This concludes the proof of Proposition 6.4.21. O
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Let p € (0,1] be a fixed parameter.
For each parameter A € R\{0}, we define the A-Shubin classes by

m (R = § ((Mu))m 7g<m>) 7

where we have used the Hormander notation to define a class of symbols in terms
of a metric and a weight, see Definition 6.4.8.

Here this means that X7\ (R") is the class of functions a € C*°(R™ x R")
such that for each N € Ny, the quantity

lal+18] m—p(a|+]|8])
> 2

lallsy = sup [A[77 (L+ [+ € + [ul?)) 1020l a (€, w)l,
' (&,u)ER™XR™

lal,|B[<N

is finite. This also means that a symbol a = {a(§,u)} is in X7\ (R") if and only if
it satisfies

Va,BENE  3C =Cap>0 V(u)€R" xR

|| +]8] m*P(|;‘H’U5‘)

|0g07a(g, w)| < CINPT= (14 |A[(L+ |67 + [ul))

(6.53)

The class of symbols X7, (R") is a vector subspace of C°°(R™ x R") which
becomes a Fréchet space when endowed with the family of seminorms | - |lsm v,
N € Np. We denote by ’

TR (R?) = Op™ (Z),(R™))

the corresponding class of operators, and by || - H\ngtw ~ the corresponding semi-
norms on the Fréchet space WX (R").

It is clear that all the spaces of the same order m and parameter p coincide
in the sense that

YA#O pa(R?) = 204 (R™) = X (R™), (6.54)
and the same is true for X7, (R™) = WX (R™). However, the seminorms
[-llsm, .~ and |- flesm, v

carry the dependence on \. This dependence on A\ will be crucial for our purposes.
From the general properties of metrics of Hormander type (see Theorem 6.4.9 and
Proposition 6.4.21), we readily obtain the following ‘\-uniform’ calculus.

Proposition 6.4.22. 1. If, for each A € R\{0}, we are given a symbol a) =
{ax(&w)} in X7 (R™) such that

VN € Ny sup [lax||zm, N < o0, (6.55)
A0 ‘
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then each symbol by defined by
Op"by = (Opwa,\)*

5 in Z;’f)\(R”) as well. Furthermore, for any £ € Ny there exist a constant
C > 0 and a integer £’ € Ny such that for any A # 0

x5

m e < Cllax]sm, o

The constant C and the integer £’ may be chosen to depend on £, m,n and to
be independent of A and a.

2. If, for each A € R\{0}, we are given two symbols a1y = {a1 (&, u)} in
EARY) and az \ = {azx(§,w)} in X7 (R™) such that

VN € Ny sup [|a1al[sm1 xy <00 and  supllaza[[gm2 y < 00,
A0 oA A£0 P2

then each symbol by defined by
Op"by = (0p"ai ) (0p"asn),

is in E;”/{’Lm"‘ (R™). Furthermore, for any £ € Ny there exist a constant C > 0
and two integers £1,0s € Ny such that

Hbz\Hg’;ﬁmm < C”al,/\”z:;,el||a2,/\||2;'f§,42-
The constant C' and the integers {1, s may be chosen to depend on £, m1,ma,n

and to be independent of A and ai x,az ).

We will say that a family of symbols ay = {ax(&u)}, A € R\{0}, which
satisfies Property (6.55) is A-uniform in X7\ (R"). The corresponding family of
operators via the Weyl quantization is said to be A-uniform in W37, (R™).

Let us give some useful examples of such families of operators.
Example 6.4.23. The families of symbols given by
(X)) =ivVINg, ™) =iVau; and  mA(T) = i\

are A-uniform in E})\(R”L E},/\(R"), and Zi/\(R")7 respectively.
In particular, the constant operator m(7T") = i) has to be considered as being

of order 2 because of the dependence on .

Proof. We want to estimate the supremum over A # 0 of each of the seminorms

I (X llest v = livIME s v and o (Y))]lwst

1,0 1, 1,N°

N = Hiﬁuj”E}NN-
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We compute directly for N = 0:

. VI
ii%l\zleIEjllz;A,o = sup - < o0,

A#£0,(6u)ern xR /1 + [A[(1 + [€]2 + [u]?)
_ Allu
sup [ivVAu; s o = su VI
A£0 :

p
A£0,(¢,u)eRr xR A/ 1+ [A[(1 + [€]2 + [u]?)

)

and

Sup\agaﬁ{m &5} = ‘ Suplﬁg V] = VAL

lor]+|B]=1 al+|8|=1
(€,u)ER™ XR™ (€,u)ER" XR"

therefore

sup [[iv/|A|gj]lsr 1 < oo and supHi\f)\ujHE% 1 <.
A#0 ’ A#0 :

Since all the higher derivatives 8‘“85 with |a|+|8| > 1 of the symbols i4/|A|{; and

iv/Auj are zero, we obtain that the families of symbols given by mx(X;), ma(Y5),
are A-uniform in ¥ , (R™).

For 75 (T) = Op" (i\), we see that

2
sup

i\
[Nl 0= SO0 T TN+ € T TP

< 00,

and since ¢ is a constant, its derivatives are zero and the family of symbols given
by 7w (T), is A-uniform in Z% )\(Rn). "

As a consequence of Example 6.4.23 and Proposition 6.4.22, we also have

Ezxample 6.4.24. The family of operators

Z{m )2+ ma(Y5)%} = —[AIQ

is A-uniform in \I/E%/\(R").
Standard computations also show:

Ezxample 6.4.25. For each m € R, the family of symbols by, A € R\{0}, where

ba(€,u) = VI + AL+ Juf? + [€]),

is A-uniform in WP (R™).
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6.4.5 Commutator characterisation of \-Shubin classes

In this section, we characterise the A-Shubin classes in terms of commutators and
continuity on the Shubin Sobolev spaces.

First we need to understand some properties of the Sobolev spaces associated
with the A-dependent metric used to define the A-Shubin symbols.

Proposition 6.4.26. 1. For each A\ € R\{0} and s € R, the Sobolev space corre-
sponding to g™ and (M(’\))S coincides with the Shubin Sobolev space:

H ((MD)",g02) = Q,(R™).

2. The following define norms on Qs(R™) equivalent to | - ||o.:

17l »
IS,

where by was defined in Example 6.4.25. Moreover, in the case s € Ny, we
also have an equivalent norm

(I + [AQ)*/2h| 2R,
10p™ (83) Bl 22 (@),

n la|+18]
RIS = S I a0l R e gy,
la|+(B]<s

3. Furthermore, for each s € R there exists a constant C; = Cy s > 0 such that

n — b
YA€ R\{0}, he QuR™)  C7'|hlla., < IIRISY. < Cillk]o..,,

and for each s € Ny there exists a constant Cy = Cy s > 0 such that

VAER\{0}, he QuR™)  C3llhllo., < RIS < Callhlle. .-

Naturally, in Part (2), the constants in the equivalences between each of the
norms || - [[g, 5, I| - ||(Qmi), II - ||(Qb:)A7 and the norm || - ||g,, depend on A.
Proof of Proposition 6.4.26. Part (1) follows easily from (6.54), Definition 6.4.10,
Theorem 6.4.16 especially Part (5).
Using the Shubin calculus U, U¥7*, it is not difficult to see that the norms
. (b) (bx) :
[-llg] and |- ]lg)" are equivalent.

The fact that the norms [|-[|g, ,, ||| (be . and, if s € No, ||| , are equivalent

with A-uniform constants comes from following the same proof as Theorem 6.4.16
but using the seminorms of U X775 This is left to the reader and concludes the
proof of Proposition 6.4.26. g

‘ (1nt
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Theorem 6.4.27. We assume that p € (0,1]. Let Ay : S(R") — S'(R™), A € R\{0},
be a family of linear continuous operators.
We assume that for every oy, as € N all the operators

_laaltlag
2

BN (adu)*t (addy)*2 Ay, A € R\{0},

are A-uniformly in £ (L*(R"), Q _mtp(lar|+lasl)). This means that

_log e ) 5
)\GS]R}JiIEO} ‘)\| 2 H(adu)a (adau)“ A>‘HG%(LQ(]R")!Qf’mi»p(\alH»\a2|)) < 0. (6.56)

Then Ay € \I'EZ’L)\(R"). Moreover, for any ¢ € N, there exist a constant C' and an
integer £, both independent of {Ax} and X\, such that

_lealtlag
Atz e < C Z Al > [[(adu)® (adBu) ™ Axl| 2(L2(®7),Q - sy 1+ 1021)
[ay |+ ]az| <L’

Proof. The proof follows exactly the same steps as the proof of Theorem 6.4.18
using the calculi UmZZ?/\(R”) to give the uniformity in A. This is left to the reader.
O

The converse is true from the A-Shubin calculus: if Ay : S(R™) — S'(R™),
A € R\{0}, is uniformly in ¥\ (R") in the sense that

VN € Ny sup HA)\”‘I/E"”NN < 00, (657)
AeR\{0} o

then (6.56) holds for every oy, as € Ni.
Proceeding as for Corollary 6.4.20, we obtain

Corollary 6.4.28. We assume that p € (0,1]. Let Ay : S(R™) — S'(R™), A € R\{0},
be a family of linear continuous operators.
The family of operators {Ax, A € R\{0}} is uniformly in WX\ (R") in the
sense of (6.57) if and only if there exists v, € R such that for each oy, € Nf,
lag[+]on

sup |A|T 2 adu)® (addy, )*? Ay« R0 il a1 < co.
)\eR\{O}‘| I(adu)™( ) l2(2y0 &), 2 1t piren 14102 +70)

In this case this property is also true for every v € R. Moreover, for any
v € R and £ € N, there exist a constant C and an integer £', both independent of
{Ax} and X, such that

[Axlwsm, e

_legl+lag a a
SC Z |>\| 2 ||(adu) l(adau) QA)‘||$(Q’Y(R")>Q7m+ﬂ(\al|+|0<2\)+‘r)'

lo]+[az | <2/
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6.5 Quantization and symbol classes Sg}& on the Heisen-
berg group

We recall that in Section 5.2.2 we have introduced symbol classes S)'s(G) for

general graded Lie groups G. In particular, this yields symbol classes S)'s(H,,)
for the particular case of G = H,. In this section, working with Schrédinger
representations 7y, we obtain a characterisation of these symbol classes Sm 5 (H,)
in terms of scalar-valued symbols which will depend on the parameter A € R\{O}
these symbols will be called A-symbols. The dependence on A will be of crucial
importance here.

We start by adapting the notation of the general construction described in
Chapter 5 to the case of the Heisenberg group H,,. It will be convenient to change
slightly the notation with respect to the general case. Firstly we want to keep
the letter = for denoting part of the coordinates of the Heisenberg group and we
choose to denote the general element of the Heisenberg group by, e.g.,

g=(z,y,t) € H,.

Secondly we may define a symbol as parametrised by
(g, ) :=o0(g,mx), (g,\) € H,, x R\{0}.

Thirdly we modify the indices a € NQ"le in order to write them as

a = (a1, an,as),
with

a1 =(1,1,...,010) €Ny, az=(a21,...,02,) €Ny, a3 e N

The homogeneous degree of « is then

[a] = |aa] + [az| + 203.

6.5.1 Quantization on the Heisenberg group

Here we summarise the quantization formula of Section 5.1.3 and its consequences
in the particular setting of the Heisenberg group H,,.

As introduced in Definition 5.1.33, a symbol is given by a field of operators
o ={o(g,A) : S(R") — L*(R"), (g, A) € Hy, x (R\{0})},

satisfying (quite weak) properties so that the quantization makes sense. More
rigorously, we require that, for each 8 € N2"™' the map g aga(g,)\) is

continuous from H,, to some Lgfb(ﬁn).
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Recall now, that on the Heisenberg group H,, the Plancherel measure is
given by ¢, |A|"d\ (see Proposition 6.2.7). By Theorem 5.1.39, the quantization of
a symbol ¢ as above is the operator

A= Op(o)
given by
Aolg) =en [ T (malg) ol9.3) Bm)) AN (659)
R\{0}
for any ¢ € S(H,,) and g = (x,y,t) € H,.
Note that, by (1.5), we have

P(ma) Ta(9) = F, (9(g))(mr),

thus the properties of the trace imply that

Tr (mr(9)o(9, () ) = Tr (0(g, ) Fia, (9lg))(m)) . (6:59)

Furthermore, by (6.20), we have

Fin, (p(g))(m) = 2m) *F 00" [ Fiown (99 ) (VI VAL N (6.60)

This formula shows that the Weyl quantization is playing an important role in the
quantization (6.58) due to its close relation to the group Fourier transform on the
Heiseneberg group.

Now, for each (g, \) € H,, x (R\{0}), each operator o(g, \) : S(R"™) — L?(R™)
in the symbol o can also be written as the Weyl quantization of some symbol on
the Euclidean space R™, depending on (g, A). In other words, we can think of the
symbol ¢ as

a(g.A) = 0p" (ag.5), (6.61)

where a = {a(g, A\, §,u) = ag .\ (£, u)} is a function on H,, x R\{0} x R™ x R™. This
scalar-valued symbol a will be called the A-symbol of the operator A in (6.58).

In other words, the symbol of the operator A acting on the Heisenberg group
is o, related to A by the quantization formula (6.58). For each (g, A), the symbol
04 is itself an operator mapping the Schwartz space S(R™) to L?(R™). So, the
A-symbol a of the operator A is given by the collection of the Weyl symbols a, x
of o(g, ).

Note that if A € W75, then its symbol acts on smooth vectors so g,y is itself
an operator mapping the Schwartz space S(R™) to itself, for each (g, \).



