Chapter 7
Generalized Systems Governing Probability
Density Functions

So far we have considered one-dimensional and two-dimensional release processes.
When the channel can take on two states—open or closed—we have seen that the
associated probability density functions are governed by 2 x 2 systems of partial
differential equations. When a drug is added to the Markov model, an extra state
is introduced associated with either the open or the closed state and we obtain
a model for the probability density functions phrased in terms of 3 x 3 systems
of partial differential equations. In subsequent chapters, we will study situations
involving many states and, to do so without drowning in cumbersome notation, we
need mathematical formalism to present such models compactly. The compact form
we use here is taken from Huertas and Smith [35]. We will introduce the more
compact notation simply by providing a couple of examples. These will, hopefully,
clarify how to formulate rather complex models in an expedient manner.

7.1 Two-Dimensional Calcium Release Revisited

Let us start by recalling that the two-dimensional process of calcium release
illustrated in Fig. 5.2 on page 92 can be modeled as

X (1) =y@)v, 5 —X) 4+ va(co—X), (7.1)
() =7@)v. x—3) + v (c1 — ), (7.2)

where y = y(¢) is a stochastic variable governed by a Markov model represented
by a reaction scheme of the form
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We have seen (see, e.g., page 102) that the probability density functions of the open
state (p,) and the closed state (p.) are governed by the system

oo 0, (N B

81‘ + ax (a()p”) + ay (a()pv) - kcopc kocpov (73)
o 0 . N .

ot + a (acpc) + ay (acpc) = kocpo kco,oc, (7.4)

where

a, =v,(y—x) + vg(co—x),
a =v(x—y) +vs(c1 -y, (7.5)
a, = vg(co—x),
a. = vs(c1—y).
To prepare ourselves for more complex systems, we number the states in this simple

system with i = 1,2, where i = 1 is for the open state and i = 2 is for the closed
state. The system can now be written in the form

a,Oi 0 X J y —
m + P (a,-p,) + 8_y (aipl) = (Kp); »

where (Kp); denotes the ith component of the matrix vector product Kp. Here the
vector p is given by
=(2)=(2)
02 Pc
and the matrix is given by

_k12 k21 _koc kco
K = = .
( k12 _k21 koc _kco
Furthermore, we introduce the functions
a;c = yivr(y_-x) + V4 (CO —X) s
a; = yiv, (x—y) + vs(c1 — ).

where y; is one for the open state (i.e., i = 1) and zero for the closed state (i.e.,
i=2).
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7.2 Four-State Model

It useful to illustrate this compact notation for a slightly more complex model based
on four states. Suppose that the Markov model governing the stochastic variable y
in model (7.1) and (7.2) is based on four states: two open states O and O, and two
closed states C| and C5, as shown in Fig. 7.1.

The probability density system associated with the model (7.1) and (7.2) when
the Markov model is given by Fig. 7.1 can now be written in the form

90, . a .,

8t1 + a (awom) + 5 (ai)pm) = keyo1Pey — (kojey + Koy0,) Poy + Koror Pos»
9P, . a .,

8t2 + a (aopoz) + 5 (azpoz) = keyor Per — (koser + Koso1) Por + koyor 0, »

(7.6)

9pc 9, . a .,

8t1 + a (acpm) + a_y (a}cpm) = koye, Po; — (keyoy + keyes) Py + keyey Peys

9pc 9, . a .,

8t2 + a (acpcz) + a_y (a}cpcz) = kejeape; — (kesey + keor) Pey F Koses o

where

a, = v, (y —x) +va(co—x),

@, =v, (x—y) +vs(c1 —y), (1.7)
a, = vg(co—x),

a =vs(c1 —y).

By defining the states O1, O, Cy, and C; to be the states 1, 2, 3, and 4, respectively,
we can write the system (7.6) in the more compact form

dor 0 9,
Y
o Ty @)+ g (@) = (Kp), (7.8)
Fig. 7.1 Markov model — keio )
including four possible states: C |l=—=| o,
two open states, O and O, ko, e,
and two closed states, C
and G, kcm ]chlcz ko;o]lkoloz
) k )
C2072
C, || O

~— kOZCZ ~—
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fori = 1,2, 3,4, where

a;c = yivr(y_-x) + vq (CO —X) s
a; = yivy (x =) + v5(c1 =),

and p = (p1, p2, p3, p4)T. Here y; is one for the open states (i.e.,i = 1 and i = 2)
and zero for the closed states (i.e., i = 3 and i = 4). Furthermore, the matrix is
given by

- (kolcl + koloz) kozol kclol 0
K = kvlvz - (kUZCZ + k0201) 0 kc‘zvz
k0101 0 - (k0101 + kcwz) k02c'1 ,
0 kt)zCz kCICZ - (kczﬂ + kcwz)

which in compact notation is

— (ki3 + k12) ko1 k31 0
K — kio — (ks + kay) 0 kap
ki3 0 — (k31 + k34) ka3

0 ko4 k3a — (ka3 + ku)

7.3 Nine-State Model

We have seen how to formulate probability density systems for two-state and four-
state Markov models. For even larger Markov models, it is useful to introduce two-
dimensional numbering. This will be illustrated using the nine-state model given in
Fig. 7.2. Here S;;, i,j = 1,2, 3, denotes the states of the Markov model and Kl']””

Fig. 7.2 Markov model K ;12 K ;;
including nine possible states [ Si ]—>[ S3) ]—>[ S33 ]
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denotes' the reaction rate from the state Sj to the state S,,. The system governing
the probability density functions of these states can be written in the form

a,oi,- 0 X 9 y —

where

— K . i oo i oo
Rij = Kijp1pij+1 + Ky jpit1j + Ky pij—1 + K2y jpi-1,

— (K KT KT KGY)

Here p; denotes the probability density function of the state S;; and we use the
convention that Kl']”” = 0fori,j,mn ¢ {1,2,3}. We also have

a; = Yijvr (y — X) + va (co — %),
af] = YijVr (x—y) + v (Cl _y)’

where y; = 1 when the state S;; represents an open state and y; = 0 when §j;
represents a closed state.
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I'We use Kijj as shorthand for K; j, but we use the comma when an index of the form j + 1 is needed,
that is we write K; 4.
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