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Abstract. The concept of colored timed neural Petri nets (CTNPN or Shortly CN-net) which are isomorphic to
neural architectures is proposed. The CN-net technique incorporates the basic features of the neural net and the
modeling capabilities of both colored and timed Petri nets. The essential principles involved in the construction
of the CN-net are discussed in detail. The computation power of the CN-net model is demonstrated through the
“timed reachability graph” (TRG) that is developed from this model. The CN-net is designed to study the
structure properties of the artificial neural networks (ANNs) while the TRG is used for verifying the dynamic
behavior of these networks. Furthermore, the CN-net offers simple and readable model representation making
it easy to design fitting VLSI circuits for complex ANNs. Practical examples are given illustrating the way in
which the CN-net as a novel modeling technique can be employed to simulate the dynamic behavior and
parallel activities of the ANNs.
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1. Introduction

The current interest in the development of artificial neural networks (ANNs) is largely
due to their brain-like organizational structure and learning ability. Although still in an
evolutionary stage, these networks have been used in a wide range of real-world
applications such as pattern classification, function approximation, automatic control and
optimization [1-3]. These networks have multiple layers of neurons that process
information (a neuron integrates the incoming weighted inputs by addition, then fires if
the result exceeds a threshold) in parallel, and act asynchronously in real-time through
feedforward and feedback interconnections.

In order to give an accurate description of the neural network, a model has to be
formulated which provides the structure and behavior of the neuron prior to VLSI
hardware realization. A strong candidate for modeling ANNs are Petri nets [4]

19



20 Samir M. Koriem

due to its graphical representation for describing and studying information processing
systems that are characterized as being parallel. Also the behavior of the modeled system
can be analyzed through the movement of tokens which are used in these nets to
simulate the dynamic and parallel activities within this system. As a mathematical tool, it
is possible to set state equations governing the behavior of the modeled system.

Many conventional ANN paradigms employ the McCullock-Pitts [1] model of the
biological neuron to build various feedforward and feedback architectures. Recently,
there has been some attempt to develop Petri net models for the biological neuron. These
models have directed towards increasing the understanding of the human brain behavior
[5], representing simple neural networks [6 - 8] and implementing digital logic circuits
for neural networks [9]. Unfortunately, these models are not able to provide a complete
picture for the structural and behavioral properties of the ANNs and do not propose
adequately methodology for studying and analyzing the specification and verification
aspects of the ANNs. Furthermore, we need a methodology able to accurately represent
many of the capabilities of the ANNs deemed necessary to transform the design of the
desired ANN to fit VLSI circuit. For these reasons, in this paper, we propose a “colored
timed neural Petri net” (CTNPN or shortly CN-net) as an effective modeling framework
for representing the complexity characteristics of the ANNs. The CN-net technique
combines the basic aspects of the neural architecture [10] with the modeling capabilities
of both colored [11 - 14] and timed [15 - 18] Petri nets.

The rest of this paper is organized as follows. The development of the CN-net
model is discussed with details in Section 2. The flexibility of the CN-net model and its
analysis methodology (including dynamic analysis and performance analysis) are
demonstrated through a simple practical example (XOR neural network) in Section 3. In
Section 4, we explain how the CN-net model can be used as a powerful analysis tool for
studying the feedforward neural network. This type of networks has been widely used in
the literature as a practical neural network for illustrating the dynamics of ANNs [3].
Section 5 concludes this paper.

2. Basic Features of the CN-Nets

In the ANNSs [3], the ith neuron (NE;) consists of a processing element (PE;) with
synaptic input connections (i.e. communication paths), a threshold logic unit (TLU;), and
a single output (RES;) as shown in Fig. 1. In this figure, x; (j = 1, 2, ..., n) represents
the input data that is proceeded to the NE; and w; (7 = 1, 2, ..., n) represents the
weighted data that is associated with the input data x;. The weighted data w; may be
positive or negative value according to the excitation or the inhibition operation that
should be performed on the NE; . The PE; performs the scalar product of an n-vector
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input data X = xy, X,, ..., X, with an n-vector weighted data W = wy, w,, ..., w,. The
results are then passed through the TLU; to perform a thresholding of value 6;. The
input-output relationship of the NE; can then be expressed as follows: RES; = F(W' X -
0,) = F(; - 0;), where T denotes the transpose, and 3; = W'X.

In order to model the dynamic behavior of each neuron in the ANNs, we propose
a colored timed neural Petri net (CN-net) as a novel modeling technique. In this section,
we begin with the mathematical description of the CN-net. Then, we explain in detail the
firing rules of our proposed technique.

2.1 Mathematical structure
CN-net = (PN, M, B, G, H, a, 1, OP, COM, SH)

In the following, we discuss the formal definitions of the CN-net parameters. We have
developed these parameters based on the modeling capabilities of colored PN [11, 12,
14], timed PN [15 - 17] and neural nets [2, 10].

Definition 1. An ordinary Petri net (PN) without any specific initial marking is a 3-
tuple PN = (P, T, A) where

P={p1, p2 ..., Pn} I1s a finite set of places;

T={t, t, .., ta 1isa finite set of transitions;

A < (PxT) U (TxP) is a set of arcs (flow relation);

PUuTBandPNT=0.

Definition 2. Let B = {c | ¢ is a color type} be a finite set of colors. The set 3 is divided
into two sets of colors B(p) and B(t) such that f = B(p) M B(t). The set B(p) describes the
colors associated with each place p € P (token colors) of the underlying net. The set B(t)
describes the colors associated with each transition t € T (occurrence colors) of the same
net.

e The set B(p;) € P is used to attach to each place p € P a set of possible token colors
and their priorities.

B(p) = {<cpi1, prii >, <Cpio, Prz>, ..., <CPiuis Priui >};
u=B @), 1=1,2,..,n

where u; represents the number of colored tokens in the place p; € P. The notation
<cpii» Privi> denotes that the colored token cp;,; € B(p;) of the priority pri,; € B(p;)
is able to enter (or leave) the place p; € P.
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o The set B(t) € P is used to attach to each transition t; € T a set of possible
occurrence colors and their priorities.

B = {<ctj, prji >, <ctp, prp>, ..., <Cly, PLjy >};
vi=B)L j=1,2,...,m

where v; represents the number of colors associated with a transition t; € T. The
notation <ctj;, prj,; > describes the occurrence color ctj,; € B(t) of priority prj,; €
B(t;) at the transition t; € T. It is interesting to note that the priority associated with
each color is used to organize the sequence of events that can occur at the transition
teT.

To clarify the relation between the color and its priority, in our CN-net models, the
colors red, green, blue, black, yellow, and white are denoted by the letters cg, cs, ¢4, C3, €2
and c;, respectively. These colors have the priorities (in descending order) 1, 2, 3, 4, 5
and 6, respectively. For example, the green color cs and its priority 2 can be illustrated
by the notation <cs, 2>.

Definition 3. Let G(a): A(B) = N* be a colored multiplicity function which describes
the type and number of colors associated with each arc a € A, where N' being the set of
integers. G(a) can be defined on the set of arcs A as follows:

e Gi(p,t): B(p)xP(t) »>N; Gi(p,t) e G(a) Vae A
The input multiplicity function Gy (p, t) is used to label the arc fromp € Ptot € T.

* Go(t,p): B(H) x B(p) > N Go(t,p) € G(a) VaeA
The output multiplicity function Go(t, p) is used to label the arc fromt € T top € P.

In general, the function G(a) is capable of deciding the colored tokens that should
be removed from the input place p;, € P of the transition t; and the colored tokens that
should be deposited in the output place p,, € P of the transition t; when it fires.

e When the multiple arcs have different types of colors, the G(a) function takes the
following formulas:
Gpr (p, ) = Gp(<cpi>, <cpr>, ..., <Cpy>); a color cp, € B(p)
Gpo (t, p) = Gp(<ct;>, <ct>, ..., <ct>); a color ct, € B(t)
(e.g. Gp(cy, ¢35 €5))

e When the multiple arcs have n similar types of colors, the G(a) function takes the
following formulas:
Ggr (p, t) = Gs(n <cp>); a color <cp> € B(p)
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Gso (t, p) = Gs(n <ct>); a color <ct> € B(t)
(e.g. Gs(3 ¢2))

e The following G(a) formulas permit the use of one arc fromp € Pto t € T or
fromt € T to p € P with a specific color:

Gir (p, t) = Gi(<cp>); a color <cp> € B(p)
Gio (t, p) = Gi(<ct>); a color <ct> € B(t)
(e.g. Gi(co)
o The following G(a) formulas allow the single arc to carry any type of color v € f3:
Gu (p, ) = Gy(v); a color v € B(p)
Gyo (t, p) = Gu(v); a color v € B(t)

(e.g. Gy(v); where v any type of color)

Definition 4. A marking of the CN-net model is a function M defined on P such that for
p € P, M(p): B(p)— N, where N being the set of integers. M(p) can also be represented
by an (nx1) vector [M(p;), M(p,), ..., M(p,)]". The marking M(p;) of a place p; € P is
generally represented by formal sum of colors, i.e., M(p;) = IR <Cpi, DPric>,
where n; is the number of tokens of color <cpj,, pry> in a place p; € P. In other words,
the marking M(p;) gives the number of tokens of each color in the place p; € P. For
example, M(p;) = (< ¢c¢, 1>, <c3, 4>) denotes the place p; contains red and black colored
tokens.

Definition 5. Let A" = {a e A"|a is an inhibitor arc} be a set of inhibitor arcs such
that A" < A. Let P, = { pu | (pn, t) € A"} be a set of the inhibitor places, where A* < (P,
x T), pp € Py, and P, = P. Let H(p, <c € P>, t): A — B(pn) x P(t) be an inkibitor
function. Tt describes each inhibitor arc H(py, <specific color type>, t) in the set A" .
When the inhibitor arc H(p, <c € >, t) is labeled with a specific colored type ¢ € B and
there is a token with the same colored type marking the corresponding inhibiting input
place p, € Py, then the transition t € T does not fire. It is interesting to note that there is
no movement of tokens along the inhibitor arc H(p, <c € 3>, t) when the transitiont € T
fires.

Definition 6. Let a(p): p— <3, B(p)> be a description function which describes the
colored tokens B(p) € P that enter (or leave) the place p € P. In the CN-net model, the
tokens are defined as tuples of attributes and colors separated by commas and enclosed
in angular brackets. The values of these attributes are modified by transitions, enabling
them to carry data. The attribute 3 is used to describe the important processes of the
modeled neuron as follows:

e a(p): p—> <x;, B(p)>
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The attribute token x; of the color <cp, pr> € B(p) is used to carry the input data x;
to the jth neuron (j =1, 2, ...., n) over the communication path i (see Fig. 1).

ap): p—> <wi, B(p)>

The attribute token w; of the color <cp, pr> € B(p) is used to carry the weighted

data w; to the jth neuron (j = 1, 2, ..., n) over the communication path i. The
weighted data w; is related to the input data x;. Both the tokens x; and w; have the
same color.

a(p): p—> <6, B(p)>

The attribute token 6; of the color <cp, pr> € B(p) is used to carry the threshold
value 6; of the jth neuron.

o(p): p—> <RES;, B(p)>

The attribute token RES; of the color <cp, pr> € B(p) is used to carry the final
output result of the jth neuron.

a(p): p—> <DATA, B(p)>

The attribute token DATA; of the color <cp, pr> e B(p) is used to carry
information about the input data x, and its corresponding weighted data wy that are
required to pass to a neuron j from a neuron i. Based on this information, a neuron ¢
organizes its communication behavior with a neuron j.

op): p—> <s;, B(p)>

The attribute token s; of the color <cp, pr> € B(p) represents the status of the jth
neuron. If the place p; € P contains a token, then a neuron j is busy and cannot
receive data from its neighboring neurons.

Definition 7. Let 1: T x B(t) > R be a firing time function. It assigns the time of
firing t(t) to each occurrence color at a transition t € T in the net, where R" denotes the
set of non-negative deterministic numbers.

Definition 8. Let r(t, B(t)) be a remaining firing time function. It assigns the remaining
time of firing r(t) to each independent firing (if any) of each occurrence color B(t) € B at
a transitiont € T.

Definition 9. Let COM(t): T — <COMj, 1, B(t)> be a communication function. It
defines the necessary parameters for firing the “communication transition” T, €T
when the color <ct, pr> € B(t) occurs. The transitions t,d, tendrec € Teom are used to
model the communication behavior (sending or receiving data, respectively) between a
neuron i and a neuron j. Let T be the communication time required for transmitting (or
receiving) data from a neuron i to a neuron j.

Definition 10. Let OP,(t): T — <(w; X x;), T, B(t)> be a computation function. It defines
the necessary parameters for firing the “multiplication operation transition” Ty € T
due to the occurrence color <cp, pr> € B(t). The T,y € T models the neuron when
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executing the multiplication operation (w; X X;). Let t be the processing time of this
multiplication operation.

Definition 11. Let OP.(t): T — <X, 1, B(t)> be a computation function. It defines the
necessary parameters for firing the “addition operation transition” T,qq € T due to the
occurrence color <cp, pr> € B(t). The T,qq4 € T models a neuron j when executing its
addition operation X; = wiX; + WX, + ..+ WpX,. Let t be the processing time of this
addition operation. Note that when the summation operation incorporates data with
different types of colors, the computation result Z; takes the color of the highest priority.

Definition 12. Let SH(t): T — <(Z; ® 6;), 7, B(t)> be a computation function. It defines
the necessary parameters for firing the “threshold transition” Tg,,q € T when the color <
ct, pr> € B (t) occurs. The Tg,q €T models a neuron j when executing its comparison
operation (®) between the values of 0; and ;. Let t© be the processing time of this
comparison operation. The output result of this comparison operation <RES;, B(p)> is
calculated as follows:

o If %; <0, then the output place op;) of the Tgo1q € T will contain the token <zero,

B(p)>.

o If %;> 0;, then the output place o(p;) of the Ty € T will contain the token <one,

B(p)>.

2.2 Firing rules

The modeling power of CN-net lies in the color-priority attributes associated with
each place B(p) € B and transition B(t) € B in the net. In the CN-net, there exists a
functional dependency between the color-priority of the enabled transitions and the
color-priority of the tokens marking the input places of these transitions. Following is an
explanation of how the CN-net uses this functional dependency to organize its transition
firing rules.

Consider a colored token <cpjy, pric> € B(p;) is marking the input place p; € P of
the transition tj € T. A transition tj can be enabled with respect to a color <ctj,, prix> €
B(t). A place py € P is the output place of a transition t;. The inhibitor place p, € Py, is
connected to the transition ti. The firing of a transition t; is carried out through the
following two steps.

Step 1. A transition t; €T is enabled with respect to a color <ctj, pri> € B(t) in a
marking M iff

® M(p; <cpix, Prix>) 2 Guu(pi <cPix, Prix>, tj <Clix, Prjx>); VpieP, and
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e H(py, tj) = H(py <>, tj <ctjy, pri>) pn € Py (<> : empty)

The notation p;, <> denotes that there is no token in the inhibitor place py, € Py,
The notation t; <ctj, pri,> denotes that the transition t; is enabled with respect to a color
<Ctjx, prjx>.

It is interesting to note that if H(py, tj) = H(pn <CPnx, Prax™, tj <Ctix, prix>), then t;
is disabled. The notation py, <cppx, prne> denotes that the inhibitor place p, € Py, contains
the colored token <cpyy, prax> Which is the same as the color associated with t; and the
colored token marked the place p; € P.

Step 2. When a transition t; € T (enabled in a marking M) fires with respect to a color
<ctjy, prix> € P(t;), a new marking M* is reached according to the following:

M*( px <CPiy» Priy™ ) = M(pi <cpix, Pric™>) + Gui(pi <CPix» Pric™,
i <cti, pri>) - Gio(t <Ctix, PIj>, Prx <CPiy»
prky>);
V pi € P, <cpiy, Pri> € B(Pr),  <CPix, Pri> € P(pi),  <Ctix, prix> € B(L)

The first step of the firing rule of t; is needed to be generalized to incorporate the
following effects: (i) increasing the number of tokens in the place p;; (ii) inscriptions on
the arcs; and (iii) the priority level assigned to each colored token. For this purpose, we
illustrate the following cases for the marking M of the first step of t; firing rule.

Case A. Consider the place p; € P contains two colored tokens with different priorities:
<CPix» Prix>, <CPiy, Priy™> € P(pi), and prix > priy. It is interesting to note that when the
number of tokens in the place p; € P is more than one, a transition t; € T can be enabled
iff the colors of these tokens are members of the color set associated with this transition.

A-1. To proceed these tokens one by one from a place p; € P, the CN-net uses the arc
function Gyi(pi, tj) = Gvi(v). In this case, all the tokens in the place p; (simultaneously)
enable the transition t; and the one of the highest priority color fires this transition.

® M(pi <Cpix, Prix>, <CPiy, Priy™>) = Gvi(pi <v>, tj (<CPix, Prix™s <CPiy Pliy™>));  (<CPixs
pric>, <cpiy, priy™> € V) and
e H(py, tj) = H(pn <@>, t; (<cpix, Prix™>, <CPiy, Priy™>)); pn € Py
If  H(pn, ) = H(pn <cpix, Pric™>, t (<CPix, Prix™, <CPiy, Priy™>)),
then t; is only disabled for the color <cpi, priy>.

Once tj fires, the highest priority colored token <cpi, pri> is removed from a
place p; to a transition t; through the arc function Gyy(v). In this case, the transition t;
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uses the remaining time function » to keep track of its firing sequences for the other
colored tokens.

A-2. If the arc (p;, t;) is labeled with the function Gpi(p;, t;), then, once the number of
colored tokens in a place p; € P satisfy this function, the transition t; fires.

® M(p; <cpix, Plix>, <CPiy, PIiy™>) = Gpr (Pi (<CPix, Prix™, <CPiy> Priy™>), i (<CPix, Prix™,
<CPiy Priy™)); and
¢ H(Ph: tj) = H(ph <®>’ tj (<cpiX’ Prix>, <Cpiy7 priy>)); Pn € Py
If H(pha tj) = H(ph <Cpixa prix>a tJ (<Cpixa prix>a <Cpiya priy>))a
then t;is disabled.

Once a transition t; fires, the appropriate colored tokens specified by the function
Gpi(<cpix, Pric™>, <Cpiy, priy>) are removed from a place p; € P.

Case B. Consider a place p; € P contains two colored tokens with the same priorities:
<CPix, Pric™, <CPix, Prix> € P(Pi)-

B-1. To proceed these tokens one by one from a place p; € P, the CN-net uses the arc
function Gy (p;, t;). In this case, all the tokens in the place p; € P (simultaneously) enable
the transition t; and any of them fires the transition t;.

® M(p; <cpix, PTix™, <CPiy, Priy™>) = Gi1 (pi (<cPix, Prix™>, tj <Cpix, Pri™>); and
e H(pn, tj) = H(ps <>, tj (<cpix, Pri™); P € Py
If H(ps, §) = H(pn <cpix, Prix>, tj (<Cpix, prix>),  then t; cannot fire.

Once a transition t; fires, the appropriate token <cpj, pric> is removed from the
place p; € P to the transition t; through the arc function G(<cpic>). To keep track of the
firing sequence of the other colored tokens, the transition t; uses the remaining time
function r.

B-2. To proceed all the similar tokens in the place p; € P to the transition t;, the CN-net
inscripts the arc (pj, tj) with the function Gg(p;, t;).

® M(p; <cpix, Prix™>, <CPiy, Priy™>) = Gsi (pi (2 <cpix, Prix>, tj <Cpix, Prix>); and
e H(pp, t)) = H(py, <>, t; (<cpix, pri™); pn € Py
If H(py, tj) = H(pn <cpix, prix>, tj (<cpix, prix>)),  then t; cannot fire.

For the purpose of modeling the neural networks, two types of transitions will be
defined in our CN-net: operation transitions and communication transitions. The former
ones model the computation behavior of each neuron (OP,(t), OP.(t), SH(t); t € T). The
later ones model the communication behavior between a neuron i and a neuron j
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(COM;). The firing time of the operation transition or the communication transition is a
“deterministic time” 7 (i.e. the tokens are removed from the input place at the beginning
of firing period, and they are deposited to the output places at the end of this period). In
some cases, we need to model activities with no time duration (i.e. T is equal to zero).
We use this concept to model the logical behavior among the neurons. When t takes
deterministic value, the transition is drawn as a thick bar. When t takes zero value, the
transition is drawn as a thin bar. A transition with no time duration can fire as soon as it
is enabled and cannot remain enabled for any duration of time. Thus, if the marking M
comprises both types of transitions, only the transitions with no duration times can fire.

3. Analysis of the CN-Nets

In this section, we first explain how our proposed CN-net technique can be used for
modeling and analyzing the structure and behavior properties of the neural networks.
Finally, the performance analysis of the CN-net model is discussed.

3.1 Dynamic behavior

For better understanding the dynamics of the CN-net model, we start our
explanation by modeling the functioning of the basic elements of the single neuron
shown in Fig.1. The CN-net model for a single neuron is depicted in Fig. 2. The
meanings associated with the places and transitions of this model are summarized in
Table 1. To build a realistic model, we have assumed that the modeled neuron i (NE;)
communicates with its neighboring neurons NE;, NE,, and NE;. The NE; is within the
layer-2 and the other neurons are in the layer-1 as shown in Fig. 2. To allow the NE; to
excite or inhibit its neighboring neurons, we use the inhibitor arc H(0;, Tepgreci)- When
there is a token in the place 0;, the inhibitor arc prevents the NE; from receiving data
from the other neurons until this neuron completes its existing calculation. When the
place 6; is empty, the NE; performs its communication behavior with the neighboring
neurons.

Now, we need a methodology for verifying whether the developed CN-net model
is accurately representing both structure and dynamic behavior of the modeled neural
network. For this purpose, we should develop the “timed reachability graph” TRG for
the desired CN-net neural model.

Definition 13. The “timed reachability graph” TRG for the CN-net model is the set of
all states S of the CN-net model which can be reached from the initial state S; € S by
firing a finite number of transitions.
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Fig. 1. A single artificial neuron i (NE).
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Fig. 2. A CN-Net single-neuron model.
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Table 1. Annotation of the places and transitions of the CN-Net single-neuron model shown in Fig. 2

Tsendj =1 (5=1,2,3): A NE; in the layer-1 transmits its output data (DATAj) to a NE; in the
layer-2.

INP-NE; = pi: A NE; receives data from its neighboring neurons: NE;, NE,, and NE;.

Tend-reci = t4: A NE; has completely received its required data from the neighboring neurons.

X; = pa2: A NE, recognizes its input data vector X =xi, X,, X3 from the data coming from
the neighboring neurons.

\4 = p3: A NE; recognizes its weighted data vector W = w;, w,, w3 from the data
coming from the neighboring neurons, where w; is the corresponding weight to
the jth input process x;.

0; = pa4: A threshold value of the NE;.

Tnulii = ts: A NE; executing its multiplication operation Xx; w;.

MULT-RES; = ps: The results of the multiplication operations.

Taddi = t¢: A NE, executing its addition operation:
X1 W+ Xo Wa+ X3 W3 = D

ADD-RES; = ps: The result of the addition operation.

Tsholdi = t; : A NE; executing its comparison operation between >; and 6.

OUT-RES; = p7: An output result of the NE;.

Definition 14. A state S; € TRG(S) is defined by three descriptive attributes MRK;, SET;
and INH;. Based on the function M;, the attribute MRK; illustrates the distribution of
tokens in the various places of the current state S;. Based on the function H;, the attribute
INH; illustrates the distribution of tokens in the inhibitor places and the inscriptions on
the inhibitor arcs that are shown in the current state S;. Attribute SET; indicates the status
of the enabled transitions in the current state S;. This attribute has three parameters Trgw,
Tnew and Ter. The parameter Trgy indicates the transitions that have remaining firing
times. The parameter Tngw indicates the new enabled transitions in the current state S;.
The parameter Tpr tests the minimum time that is associated with all the enabled
transitions shown in both Trgy and Tygw to select the actual firing transition(s) in the
current state S;.

In the initial state of the CN-net neural model shown in Fig. 2, a place INP-NE;
contains three colored tokens: <DATAj;, (c¢1)>, <DATA,;, (cs5,2)>, and <DATA;;,
(c4,3)>. These tokens represent the different data arriving to the NE; from its neighboring
neurons NE;, NE,, and NEs. Given an initial state to our developed model, the TRG is
obtained by firing (executing) consequent enabling transitions according to the proposed
execution rules of the CN-net, as shown in Fig. 3. Execution is continued until there is
no more enabling transitions. The TRG shown in Fig. 3 is formally described as follows.
To simplify our explanation of this TRG, we give other names for the transitions and
places of the model of Fig. 2 as shown in Table 1.

Si: MRK; : a(p)) = <DATAy;, (c6,1)>, <DATAy;, (¢5,2)>, <DATA;, (¢4,3)>
SET, : Ter : ts = <(Ce,1), (C5,2), (€4,3)>
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S2 : MRKZ : a(pz) = <X, (C6a1)>9 <X2, (0592)>7 <X39 (C4,3)>,
(X‘(p3) =<wy, (C6,1)>, <Wy, (C5,2)>, <ws, (C493)>9 a(p4) = <ei9 (c691)>
SETZ : TF[R : t5 = <(Wi X Xi)a T1s ((C6,1), (0592)9 (0493))>
INH2 : H(p4 <C6,1>, t4)

S3 : MRK3 : a(pZ) = <Xy, (C592)>3 <X3, (0493)>9 a‘(p4) = <ei9 (0691)>
a’(p3) =<Wwy, (0592)>9 <wjs, (C473)>5 a’(pS) =<w Xp, (0691)>
SET; : Trr : ts = <(Wi X X)), T1, ((C6,1), (€5,2), (€4,3))>
INH; : H(ps <ce,1>, t,)

S4: MRKy : aps) = <x3, (€4,3)>,  oUp3) = <w3, (€4,3)>,  oUpa) = <6}, (C6,1)>
aps) = <wp X1, (¢6,1)>, <w; Xy, (€5,2)>
SETy : Tr : ts = <(W; X Xj), T1, ((C6,1), (C5,2), (€4,3))>
INH4 . H(p4 <C6,1>, t4)

Ss : MRKSs : a(ps) = <6;, (ce,1)>,
aps) = <wy Xy, (Cs, 1)>, <Wy Xy, (C5,2)>, <W3 X3, (€4,3)>
SETs : Trr @ t6 = < Zi, T2, ((C6,1), (€5,2), (€4,3))>
INH 5 : H(ps <cq,1>, ta)

S¢ : MRK : alps) = <0;, (ce,1)>, oups) = <Zj, (ce,1)>
SETs : Teir : t7 = <(Zi®0;),13, (C6,1)>
INHs : H(ps <cg,1>, t4)

S; : MRK; : ap;) = <RES;, (cg,1)>

From the TRG shown in Fig. 3 and its formal description illustrated above,
various properties such as liveness, deadlock-free operations, execution transition
scenarios, time delays of transitions, and the movement of data at the various elements of
each neuron in the network can be studied. These properties help us to verify the
correctness of the dynamics of our CN-net model shown in Fig. 2. Furthermore, the
formaldescription of the TRG affords an easy and simple methodology for understanding
(also verifying) the learning algorithm that can be applied on the CN-net neural model.
The CN-net modeling technique is suitable for the supervised learning algorithm. It can
be extended to unsupervised learning or reinforcement learning algorithm [2] Based on
this evaluation, we will use the CN-net single-neuron model shown in Fig. 2 as a basic
module for constructing the whole model of the required neural network, as we will
explain in Section 4.
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Z€ero T T T (7 L

Fig. 3. The TRG of the CN-Net single-neuron model shown in Fig. 2.

3.2 Performance

The rapidly changing technology of very large integrated circuits (VLSI) has
provided us with a means in which it is now possible to fabricate tens of millions of
transistors interconnected on a single silicon wafer. Such capability has opened new
directions for the implementation of neural networks into silicon structures. The
complexity of such computational silicon structure derives from the multiple ways in
which a large collection of its components is made to interact with each other.

With reference to a simple VLSI neural circuit one may wish to evaluate the
maximum amount of time which must elapse from a given input data pattern application
to the successive one, knowing the propagation delay of each element in this circuit.
From more complex VLSI implementation of neural networks, with many cascaded
stages for creating a multilayer neural network, this task is complicated by the possibility
to vary the input data pattern X (or the weighted data pattern W), while the previous
pattern still propagates in the network.

From the continuing VLSI revolution, we found that a vital need to develop
specification and verification technique such as the CN-nets to ameliorate the difficulties
associated with validating VLSI neural circuit designs. For this purpose, in the previous
section, we have studied through the TRG how our proposed CN-net technique is able to
provide a formal specification concept for a neural network. The TRG permits the
automatic translation of behavioral specification neural model into a state transition
graph made up of a set of states, a set of actions (firing the transitions), and a succession
relation associating states to actions. Furthermore, from the TRG, we are able to check
the validity of the modeled neural network. In this section, we complete the framework
of CN-net methodology by evaluating the performance of a VLSI neural network.

Given time delays of elementary VLSI circuit of each neuron structure in the
ANNSs, the CN-net model of the desired neural network can be executed to obtain a
TRG whose arcs are labeled with firing transitions numbers and their time delays. As an
example, see Fig. 3. For evaluating the performance of VLSI circuit that implements the
desired neural network, we calculate the Maximum Processing Rate (MPR) for the CN-
net model of this network. To calculate this performance measure, we apply the results
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obtained by Ramchandani [4] to the TRG of the CN-net model as follows. After
developing the TRG, we search all the paths of the TRG (from the initial state to the
final state) to find the path with the maximum time delays. Then, the MPR can be
obtained from the TRG by simply adding up the firing delays of the transitions over this
path. Thus, the MPR can be defined as the determination of the maximum speed at
which signals can flow in the various paths assuming that the modeled circuit is
operating correctly.

Let 0y =t t, ... t; ... t be a firing sequence of transitions of a path k in a TRG,
then the total delay time 1, of Jy is equal to T, + T, + ... + T; +...+ T, where T; is a given
delay time of a transition t; in a CN-net model. Based on this concept, we can formally
describe the MPR as follows:

MPR = max{t,: k=1, 2, ..., q}

where q is the number of signal paths in the TRG and Tty is the sum of the firing delays
of the transitions in the path k.

Example: Consider the TRG shown in Fig. 4 is developed from a CN-net neural model.
Firing transition sequences or execution scenarios of successful execution are given as:
(a) ti—> o> ;> ty— tg; and (b) t;— ts— ts— t;— tz. The execution time of the first
scenario T,=T; + T, + T3 + T4+ 13 =2 +zero + 3 + 1 + 1 = 7 time units. The execution
time of the second scenario T, = T; + T5+7Ts + T+ =2 +zero+3 +3 +1=09 time
units. By enumerating all paths in the net, the MPR is equal to 9 time units.

4. Application of a CN-Net to Feedforward Neural Networks

In this section, we explain how the CN-net model can be used as a powerful
analysis tool for studying the various feedforward neural network configurations. This
type of networks has been widely used in the literature as a practical neural network for
illustrating the dynamics of ANNs [3].

4.1 XOR Feedforward neural network

Feedforward networks constitute an important variety of neural networks [2, 3].
For such networks, it is possible to index the neurons in such a way that the output of a
neuron j is connected to an input of a neuron i when j < i. The final output of this
network depends only on synaptic weights and the pattern presented at the input of the
neural network because there is no feedback. This type of network can be connected in
cascade to create a multilayer network. Thus, we can call such network a multilayer
feedforward neural network. The most famous practical example of such network is the
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T, =z€ero

Ts =zero

Fig. 4. An example of TRG.

exclusive or (XOR) network [2]. This network responds {1} if it receives {0, 1} or {1,0}
and responds {0} otherwise. Fig. 5 shows a network capable of this pattern.

As shown in Fig. 5, the input layer contains NE; and NE,, the hidden layer
contains NE; and NE,4, and the output layer contains NEs. In Fig. 5, NE; and NE,
transmit, in parallel fashion, the input data x; (along with the weighted data w;) and the
input data x, (along with the weighted data w,) to NE; and NE,, respectively. Then, NE,
and NE, transmit, in parallel fashion, the input data x, (along with the weighted data w;)
and the input data x, (along with the weighted data w,) to NE; and NEj;, respectively. In
other words, NE; and NE, are only used for transmitting the required data to the
network (e.g. each one has a threshold of value zero). Both NE; and NE, represent the
hidden neurons. The NEjs delivers an output of this network.

The structure and behavior of the XOR neural network shown in Fig. 5 can be
described using the CN-net model shown in Fig. 6. This model is also used to represent
the communication and computation behavior of each neuron in the XOR network.

TLU, w PE;, TLU;
1
RES;
Ws 0
0; :
PE; — RES;
0
! TLUs
We
RES,
TLU, TLU, . '
Input Layer 54 ................ Hidden Layer ................ >E< .......... Output Layer .......... }i
1

Fig. 5. A XOR feedforward neural network.
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e G(ca,cs) Glca,ce) Gleacs) Glescs) .
C6 Tsenant T Ta Tsenar2 o
ADAPT
STATUS, 266 a¥ 20,
G(2c¢s, 2¢4)
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63 W; W, 0,
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MULT-RES; MULT-RES,
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Ts

OUT-RESs
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c ‘ I Cs G(cs, €
6< Ws

OUT-RESs
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< >
MULT-RES;  * =62
Co A <cy 3>
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Fig. 6. A CN-Net model for the feedforward neural network.
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A description of the CN-net model of Fig. 6 is illustrated in Table 2. In the initial state of

Samir M. Koriem

this model, a place OUT-RES; contains the colored tokens <DATAj3, (cs,1)>, <DATA 4,
(c4,3)> and a place OUT-RES, contains the colored tokens <DATA,3, (¢s5,2)>, <DATAy,,

(c3,4)>. Starting from this initial state, we can generate the TRG of the CN-net model of

XOR network as shown in Fig.7. The formal description of this TRG is presented in the

Appendix.

Table 2. Annotation of the places and transitions of the XOR CN-Net model shown in Fig. 6

OUT-RES;

Tsl-send i
Xbpuild-upl

Kbuild-up2
Wouitd-upt

Wouitd-up2
Tsena1i
ADAPT
Tsend-n

STATUS;

Tsend-li
INP-NE;

Tendreci
Xi
Wi

6

Tonuti
MUL-RES;
Taddi
ADD-RES;

Tsholdi
OUT-RES;

(p1, p2) :© A NE; (i = 1, 2) contains its output results. The tokens shown in this place
represent the output results obtained from a NE;.

(t;, t2):  ANE; (i = 1, 2) starts to send its output data to NE; and NE,.

ps: A NE, allocates the data pattern x;, x, that should be send to NE; and NE,,
respectively.

ps: A NE;allocates the data pattern x,, X, that should be send to NE; and NE,, respectively.
ps: A NE, allocates the weight pattern w,, ws that should be send to NE; and NE,,
respectively. The weights w;, and w; are related to the data x; and x,, respectively.

ps: A NE; allocates the weight pattern w,, ws that should be send to NE; and NE,,
respectively. The weights w, and wy are related to the data x, and x,, respectively.

(t3, t4): Neurons i and i+1 (i = 1) transmit, in parallel fashion, the data (x;, w;) and (x2, wWs)
to NE, and NE;, respectively.

po: Neurons i and i+1 (i = 1) are ready to transmit the data (x,, w3) and (x», w») to NE3, and
NE,, respectively.

ts: Neurons i and i+1 (i = 1) transmit, in parallel fashion, the data (x;, ws) and (x», W) to
NE;, and NE,, respectively.

(p7,ps): A NE; (i = 3, 4) is busy, when the place STATUS; contains a token. This means
that a NE; is not ready to accommodate another connection with its neighboring neurons.
tis, tis: A NE; (i =3, 4) transmits its output data to the NEs.

(p1o, P11, p2#): A NE; (i =3, 4,5) receives data from its neighboring neurons.

(te, t7, ti): A NE; (i = 3, 4, 5) has completely received its required data from the
neighboring neurons.

(P12, p1s, p2s): A NE; (i = 3, 4, 5) recognizes its input data vector X from the data coming
from the neighboring neurons.

(P13, P16, P26): A NE; (i = 3, 4, 5) recognizes its weighted data vector W from the data
coming from the neighboring neurons.

(p1s, P17, p27): A threshold value of the NE; (i = 3, 4, 5).

(ts, to, ti7):  ANE; (i =3, 4, 5) executing its multiplication operation.

(p1s, p1o, p2s):  The results of the multiplication operations of the NE; (i =3, 4, 5).

(tio, ti1, t1g):  ANE; (i =3, 4, 5) executing its addition operation.

(P20, P21, P29):  The result of the addition operation of the NE;

(i=3,4,5).

(tiz, t13, tio): A NE; (i =3, 4, 5)) executing its comparison operation.

(P22, P23, p30):  The output result of the NE; (i =3, 4, 5).
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As we have illustrated in the Appendix, the mathematical analysis of TRG of
Fig.7 provides us with the complete information regarding the movement of tokens, the
existence of different types of conditions at different levels and the firing sequences of
transitions. This information help us in studying the dynamics of the modeled networks.
The term dynamics applied to nets describes how the net functions over time. Firing
sequences or execution scenarios of transitions of Fig. 7 are given below:

1= b Bl s > B> tg,ty Dtg,te Dtyg,ti—> itz tig,tis—= e tr D> tig—> to.
* Hh— > Bl s B>t tg,ty Dtg,te Dtyg,ti—> otz tig,tis—= e iy D> tig—> to.

Since the transitions ti, t,, ts, t; and t;s represent the immediate transitions in both the
above paths, the MPRs of these paths are equal. Then, the MPR of the CN-net XOR
model is equal to 11+ 17, + T3+ T4+ Ts+ 6+ 17 + T3 + To time units.

From the above analysis of the CN-net XOR model shown in Fig. 6 and its TRG
shown in Fig. 7, we observe the following interesting points.

e The model provides us with clear and understandable graphical representation for
the modeled neural network. This representation has a potential for being useful
in the design of fitting VLSI circuit for the desired network.

Fig. 7. The TRG of the CN-Net model of Fig. 6.
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e There is a direct correlation between elements of the model and circuit
realizations: places, tokens, and transitions could represent wires, signals, and
actions, respectively.

e The model does not serve only as a description scheme but it is accompanied by a
mathematical methodology which allows the dynamic analysis of the desired
neural network. Furthermore, the formal description of the TRG illustrates the
various steps of the learning algorithm that can be applied to the CN-net neural
model. However, the CN-net model can be used as a learning model. This
learning model will help the user to apply different types of learning algorithms
[3] to the modeled neural network and study them in an easy way.

4.2 Multilayer neural network

The motivation for the introduction of our proposed CN-net modeling technique
is not only for facilitating the modeling of neural networks in an elegant way but also for
performing a compact representation for a complex neural network. In order to
understand how the CN-net can be useful for providing this compact representation, we
use the multilayer neural network shown in Fig. 8. This figure illustrates the structure of
a six-layer feedforward neural network with eleven neurons. The circles and arcs of the
network represent the computing neuron elements and their communication paths,
respectively. As shown in Fig. 8, the input layer contains NE; and NE,. The hidden
layers compress layers 1, 2, 3, and 4. The output layer contains NE ;. In this network, we
consider NE; and NE, are only used for transmitting the required data to the network
(e.g. each one has a threshold of value zero). In practice, the neurons in one layer
generate and transmit outputs to the following layer in accordance with the weighted
inputs from the previous layer and the thershould values.

Output i
Layer ’ i

Input
Layer

1 1 1 1 1
i{— Layer—]—bi{— Layer—2—>i(— Layer—3—>i<— Layer—4—>i<—
1 1 1 1 1

Fig. 8. Multilayer feedforward neural network.
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From the above description of the network of Fig. 8, we observe that the
dynamic behavior of the neurons of each layer is similar except the output layer. Since
the tokens of the CN-net framework are designed to carry the input data, the weighted
data, the threshold value, or the output result of each neuron, we can easily use this CN-
net modeling flexibility to model the dynamic behavior between the neurons of two
similar layers and then repeat this model according to the number of layers that have
similar behaviors.

In order to facilitate the modeling of the network of Fig. 8, we consider the CN-
net model of Fig. 6 as consisting of two submodels as shown in Fig. 9: (i) a “submodel
A” which is started from the places OUT-RES;, and OUT-RES, to the transitions Tp,iq3
and Tgyo4e; and (ii) a “submodel B” which is started from the place INP-NEUjs to the
place OUT-RES;s. According to the models shown in Fig. 6 and 9, a “submodel A” is
used to describe the computation and communication behavior between the neurons of
the input layer and those of the hidden layer. Also, a “submodel B” is used to describe
the behavior between the neurons of the hidden layer and the neuron of the output layer.

For the purpose of modeling the network of Fig. 8, a “submodel A” can be used
to model the dynamic behavior between any two similar layers (they have the same
number of neurons) such as input layer and layer-1, layer-1 and layer-2, layer-2 and
layer-3, as well as layer-3 and layer-4. Thus, the number of these dynamics is four. Since
the neurons of these layers perform the same behavior, the dynamics among these layers
are also samiliars. To model these dynamics, we can easily repeat the computation and
communication behavior of a “submodel A” according to the number of dynamics
among the desired layers. To model the mechanism of this repetition, we have used the
places COUNT,;, COUNTy,, TEST,, and TEST}; as well as the transitions Toun, Teountil
Tiest, and Tiegqr shown in Fig.9. Finally, a “submodel B” can be used to describe the
dynamic behavior between the neurons of the layer-4 and the neuron of the output layer.

A place COUNT; (COUNTY) is used to count the number of dynamics among the
layers that should be repeated. As shown in Fig. 9, there are three colored tokens in each
of the places COUNT; and COUNTYy. These colored tokens represent the number of
dynamics among the layers: layer-1 and layer-2, layer-2 and layer-3, as well as layer-3
and layer-4. In the initial state of the model of Fig. 9, a place OUT-RES; contains the
colored tokens <DATA,;, (c¢, 1)>, <DATA,4, (¢4, 3)> and a place OUT-RES, contains
the colored tokens <DATA,;3, (cs, 2)>, <DATA,,, (c3, 4)>. By running these tokens in
the “submodel A”, we exhibit the computation and communication behavior between the
input layer and layer-1. Once the results of this behavior reach the places TEST; and
TESTy, the transitions Teoung and Teounar Start to exhibit the dynamics among the layers
2,3, and 4.
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To organize our modeling, a place TEST; (TEST)) is used to collect the results
obtained from a neuron i (neuron j) in the layer k. These results are used as input data to
the neurons of the layer k+1. Firing a transition Teoune (Teounar) denotes that the model is
still performing the dynamics among the layers 2, 3, and 4. The firing of a transition Ty
(Tiesr) indicates that the behaviors of these layers are exhibited. When the places OUT-
RES;, and OUT-RES, of Fig. 9 receive tokens from the transitions Tiygq and Ty
respectively, the final results of the layer-4 of Fig. 8 are obtained. These results proceed
to the place INP-NEs of the “submodel B” through the transitions Tgq3 and Teengi4,
asshown in Fig. 9. Then, the “submodel B” is used to exhibit the dynamic behavior
between the neuron of layer 4 and a neuron 11 of the output layer. When the place OUT-
RES; receives a token, the final result of the network of Fig. 8 is obtained.

OUT-RES, OUT-RES,
Submodel A
Obtained from Figure 5
—= T3 Tspolats ==
COUNTy
TEST, TESTy
Trestt Trestn Teounat
A% A\
OUT-RES; OUT-RES,
2v v v 2v
Tsend—B Tsend—l4
o :<cq 1>
\ *:<cs, 2>
A%
O‘/V A <cy 3>
INP-NE; * o <cy,d>
Submodel B ’

Obtained from Figure 5

Q OUT-RES:;

v

Final Output Result

Fig. 9. A CN-Net model for the multilayer feedforward neural network of figures 8.
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According to the above explanation, we can easily use our modular approach (e.g.
submodel A and submodel B) to exhibit the behavior of n-layers feedforward neural
networks such as that of Fig. 8. Based on this modular approach, the performance
measure MPR of the network of Fig. 8 can be calculated as follows. From the TRG of
Fig. 7, we calculate the MPR for the submodel A. Thus, the MPR of a submodel A is
equal to 1|+ T, + T3+ T3+ T4+ T5 time units. Subsequently, the MPR of the layers 1, 2, 3
and 4 of Fig. 8 is equal to 4(t; + 1, + 13+ T3 + T4+ T5) time units. From the TRG of Fig. 3,
we calculate the MPR for the submodel B. Thus, the MPR of submodel B is equal to T, +
T; + T, + T3 time units. Finally, the MPR of a six-layer feedforward neural network of
Fig. 8 is calculated as follows: 4 (t;+ T+ T3+ T3+ T4+ T5) + (11 + 71 + T, + 73) time units.

One of the main problems in neural networks is to obtain a topological structure
and a learning rule which guarantee the stability of the network [3]. It is clear from the
network modeled above that the CN-net is capable of providing a mechanism for
studying the different topological structures of the desired neural network (e.g. see
Figures 6 and 9) as well as performing the various learning algorithms that are required
for such network (e.g. see Fig. 7). Furthermore, we observe that the computations in a
neural network are basically matrix products. Matrix products are also the only
operations inside the network which absolutely require data communications between
the processing elements of the neurons. Thus, if we implement the neural network onto
VLSI chip, we can easily parallelize these matrix products. This parallelization achieves
high speed computations and few data communications. Also, this implementation
approach makes the matrix product algorithms run by each processing element identical
and simple as well as makes the communication between processing elements very
regular. Another implementation approach can be found in [3]. As shown in Figures 6
and 9, the CN-nets can model the neural network hierarchically; at various levels of
abstraction and detail. This methodology enables us to design VLSI circuits for the
complicated neural network in an elegant way.

To understand the mechanism with which the design of CN-net neural model can
be transformed to VLSI circuit, we illustrate the isomorphisms between a neuron
architecture and a CN-net concept.

o A place p € P represents the output through one arc. The place / soma is the
“storage” or waiting element of the model.

e The arc between the place p € P and the transition t € T represents the axon
and it is working with the multiplicity colored function G(a).

e The output arcs from the typical CN-net transition are corresponding to the
axon terminals in the neuron.

e The input arcs to the place p € P represent the axon terminals from other
neurons.
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e The colored tokens in the CN-net represent the various input/output values
that effect on the behavior of the neuron. The colored tokens carry the
input data to the neuron, the corresponding weighted data, the threshold
value of the neuron, or the output result of the neuron.

e The transitions in the CN-net represent the various computation (e.g.
addition, multiplication and comparison) and communication (e.g.
transmitting and receiving data between the active neuron and its
neighboring neurons) events that occur in the neuron.

e The predefined delay times for the transitions of different colors represent
the different capabilities of the various neuron cells.

5. Conclusion

We have developed a CN-net as a novel modeling technique for studying and
analyzing the structure properties and dynamic behaviors of the ANNs. A generic CN-
net model for a single artificial neuron is developed and analyzed. This generic model
has the capability to accurately describe the characteristics of any neuron in the ANNSs.
To provide a practical insight into the application of CN-net technique to the ANNs, we
have used this generic module for developing CN-net models for various feedforward
neural network configurations. This study shows that the CN-net can be easily used as a
modular approach for modeling the dynamics of n-layers feedforward neural networks.

We have explained how the formal description of the TRG of the desired CN-net
model can be easily used for studying (i) the various steps of the learning algorithm that
can be applied to this model; and (ii) the movement of data at the various elements of
each neuron in the network. We have also explained how the CN-net model is very
useful in the design of VLSI circuits for ANNS.
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Appendix

In the following, we formally describe the dynamic behavior of our CN-net XOR
model of Fig. 6 through its developed TRG shown in Fig. 7. To simplify our explanation
of this TRG, we give other names for the transitions and places of the model of Fig. 6 as
shown in Table 2.

S] . MRK] . ot(pl) = <DATA|3, (Cé,l)>, <DATA14, (C4,3)>,
a(p2) = <DATAy;3, (¢5,2)>, <DAT A, (c3,4)>
SET; : Txew : t1 = <(Ce, 1), (¢4,3)>, t, = <(cs5,2), (c3,4)>
Tk : t; can fire, t, can fire

Sz . MRKZ N (X,(pz) = <DATA23, (C5,2)>, <DATA24, (C3,4)>,
alps) = <xy, (e, 1)>, <Xy, (€4,3)>,
a(pa) = <wi, (Ce, 1)>, <w3,(C4,3)>, op7)= <sy, (c,1)>
SET; : Trr : t, =<(cs,2), (c3, 4)>
INHZ N H(p7 <C6,1>, tl)

S3 . MRK3 N (X,(pl) = <DATA13, (C6,1)>, <DATA14, (C4,3)>,
a(ps) = <Xy, (€5,2)>, <Xz, (€3,4)>,
UPs) = <Wy, (C5,2)>, <Wa,(C3,4)>, ops) = <sy, (C5,2)>
SET; : Trr : t; = <(ce,1), (c4,3)>
INH3 . H(pg <Cs, 2>, tz)

S4: MRK, : alps) = <xy, (Co, 1)>, <Xy, (€4,3)>, apa) = <wy, (c6,1)>, <ws,(c4,3)>,
op7) = <sy, (ce, 1)>, alps) = <Xy, (€5,2)>, <Xy, (¢3,4)>,
Upe) = <Wy, (C5,2)>, <wy,(C3,4)>, apg) = <8y, (C5,2)>
SET, : Ter : t3 = <COM,3, 11, ((C6,1), (€4,3))>,
ty = <COMyy, 14, ((¢5,2), (3,4))>
INH4 . H(p7 <C6,1>, t|), H(pg <05,2>, tz)

SS : MRK5 : a(plo) = <X, (0691)>3 <wy, (C6a1)>a
a(pll) = <Xy, (0592)>9 <Wy, (05a2)>a
a’(p‘)) = <X, (0493)>9 <ws, (C4a3)>: <X2, (0334)>a <wy, (0394)>3
a’(p7) =<8y, (C6’l)>9 a’(pS): <S2, (0532)>
SETs : Teir @ ts = <(COMy4, COMy3), T2, ((€4,3), (¢3,4))>
INH5 . H(p7 <C6,l>, t]), H(pg <C5,2>, t2)

S6 : MRK6 : (X-(plo) = <X, (C631)>’ <wy, (C69l)>a <X2, (0334)>> <Wa, (0354)>3
a’(pll) = <X2> (0592)>a <W4> (0592)>a <Xls (0433)>5 <W3s (C473)>a
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(X,(p7) = <S1a (C6a1)>5 a(pS) = <Sz, (C592)>
SETs : Tngw : te = <(ce,1), (c3,4)> t7 = <(c4,3), (cs,2))>
Trr : te can fire, t; can fire
INH6 N H(p7 <C6,1>, tl), H(pg <C5,2>, tz)

S7: MRK; : aUpi1) = <X, (€5,2)>, <wy, (C5,2)>, <X{, (€4,3)>, <w3, (C4,3)>,
a(pIZ) = <X1, (0691)>: <X2, (0394)>9
a(pl3) = <W19 (0691)>9 <W29 (0394)>5 a(p14) = <e39 (0691)>
SET : Ter : t7 = <(c4,3), (c5,2) >
INH; : H(pis <cg,1>, t6)

Sg : MRKg : aUpig) = <X1, (C6,1)>, <w1, (C6,1)>, <Xa, (€3,4)>, <wy, (C3,4)>,
a(p1s) = <X, (€5,2)>, <X1, (€4,3)>,
pi6) = <Wy, (C5,2)>, <ws, (C4,3)>, a(pi7) = <0y, (cs5,2)>
SETs : Trr : ts = <(Cg, 1), (c3,4)>
INH;g : H(p;7 <cs,2>, t7)

Sg : MRKG : aUp12) = <Xy, (€6, 1)>, <Xa, (€3,4)>,

api3) = <wy, (c6,1)>, <wy, (c3,4)>, opi4) = <03, (c6,1)>,
a(plS) = <X2? (05?2)>’ <X11 (c453)>9
apis) = <Wy, (€5,2)>, <ws, (€4,3)>, opi7) = <04, (cs5,2)>

SETy : Trr : ts = <(X1 X W1), T3, ((C6,1), (€3,4))>,

ty = <(X2 X Wa), T3, ((C5,2), (€4,3))>
INHy : H(pia <c6,1>, t6), H(p17 <c5,2>, t7)

Si0: MRK g : aUp12) = <2, (€3,4)>, ap13) = <wy, (c3,4)>,
apia) = <03, (c6,1)>, a(pis) = <x; Wy, (C,1)>,

ap1s) = <xy, (€4,3)>, a(pie) = <w3, (€4,3)>,

alpi7) = <0, (c5,2)>, opio) = Xz Wy, (Cs5,2)>

SET o : Trr : ts = <(X2 x W2), 13, ((C6,1), (c3,4))>,

t9 = <(Xl X W3)a T3, ((05,2), (C4’3))>
INHj : H(p14 <c,1>, ts), H(p17 <c5,2>, t7)

Si1: MRK ;@ alpis) = <x; Wy, (Co,1)>, <X W, (€3,4)>,
p1g) = <Xz Wy, (C5,2)>, <(X; W3), (C4,3)>
ap1a) = <03, (Co,1)>, ap17) = <04, (¢5,2)>
SET; : Trr @ tio = <(X1 Wi+ X2 W2), T4, ((C6,1), (¢3,4))>,
1 = <(X; W3t Xo Wy), Ty, ((c5,2), (€4,3))>
INH” : H(p14 <C6,l>, té), H(p]7 <C5,2>, t7)

S12 : MRK; : au(pag) = <23, (C6,1)>, op2r) = <Zy, (€5,2)>,
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api4) = <03, (c6,1)>, ap17) = <0y, (cs5,2)>
SET]2 : TFIR : t12 = <(23®e3)a15a (C6a1)>5 t13 = <(24®64),T5, (C5,2)>,
INH» : H(pis <co,1>, t), H(pi7 <cs,2>, ty)
Si3 : MRK3 : ap2;) = <DATAss, (c6,1)>, a(p23) = <DATAy;s, (¢5,2)>
SET 3 : Teg : tis = <COMs3s, 16, (C6,1) >, tis = <COMys, T6, (C5,2)>

Si4: MRK 4 @ a(pas) = <DATAss, (C,1)>, <DATAys, (¢5,2)>,
SET 4 : T : tis = <(c6,1), (c5,2)>

Si5: MRK 5 @ apss) = <RES;3, (¢6,1)>, <RES,, (¢5,2)>,
Up26) = <Ws, (Cs,1)>, <Ws, (C5,2)>
ap27) = <0s, (cq,1)>
SETs : Tk @ ti7 = <(RES3 x ws), 17, ((Cs, 1), (¢5,2))>
INH;s5 : H(pay <cs,1>, ti6)

Si6: MRK 6 : ap2s) = <RES,, (¢5,2)>, apas) = <Ws, (€5,2)>,
apas) = <(RES; ws), (6, 1)>
ap27) = <0s, (cq,1)>
SET 6 : Tk : ti7 = <(RES4 x W), 17, ((Cs, 1), (¢5,2))>
INHi6 : H(pa7 <Cs,1>, ti6)
S17: MRK7 : apas) = <(RES; ws), (c6,1)>, <(RES; ws), (¢5,2)>

ap27) = <05, (c6,1)>
SET7: T : tig = <((RES3 ws) + (RES, we)), 1, ((c6,1), (¢5,2))>
INH;7 : H(pa7 <cg,1>, ti6)

Sis: MRK 5 : aupag) = <Zs, (Cs,1)>, ap27) = <0s, (c,1)>
SET s : Teir : tig = <(Z5®05),79, (6, 1)>
INHg : H(pa7 <cg,1>, ti6)

Si9 : MRK g : au(p3o) = <RESs, (c6,1)>
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