Complex Line Bundles Over Simplicial
Complexes and Their Applications

Felix Knoppel and Ulrich Pinkall

Abstract Discrete vector bundles are important in Physics and recently found
remarkable applications in Computer Graphics. This article approaches discrete
bundles from the viewpoint of Discrete Differential Geometry, including a complete
classification of discrete vector bundles over finite simplicial complexes. In particu-
lar, we obtain a discrete analogue of a theorem of André Weil on the classification of
hermitian line bundles. Moreover, we associate to each discrete hermitian line bun-
dle with curvature a unique piecewise-smooth hermitian line bundle of piecewise-
constant curvature. This is then used to define a discrete Dirichlet energy which
generalizes the well-known cotangent Laplace operator to discrete hermitian line
bundles over Euclidean simplicial manifolds of arbitrary dimension.

1 Introduction

Vector bundles are fundamental objects in Differential Geometry and play an impor-
tant role in Physics [2]. The Physics literature is also the main place where discrete
versions of vector bundles were studied: First, there is a whole field called Lat-
tice Gauge Theory where numerical experiments concerning connections in bundles
over discrete spaces (lattices or simplicial complexes) are the main focus. Some of
the work that has been done in this context is quite close to the kind of problems we
are going to investigate here [3, 4, 6].

Vector bundles make their most fundamental appearance in Physics in the form
of the complex line bundle whose sections are the wave functions of a charged par-
ticle in a magnetic field. Here the bundle comes with a connection whose curvature
is given by the magnetic field [2]. There are situations where the problem itself sug-
gests a natural discretization: The charged particle (electron) may be bound to a
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Fig.1 A smooth
triangulation of a manifold

certain arrangement of atoms. Modelling this situation in such a way that the elec-
tron can only occupy a discrete set of locations then leads to the “tight binding
approximation” [1, 12, 15].

Recently vector bundles over discrete spaces also have found striking applica-
tions in Geometry Processing and Computer Graphics. We will describe these in
detail in Sect. 2.

In order to motivate the basic definitions concerning vector bundles over sim-
plicial complexes let us consider a smooth manifold M that comes with smooth
triangulation (Fig. 1).

Let E be a smooth vector bundle over M of rank £. Then we can define a discrete
version E of E by restricting E to the vertex set V of the triangulation. Thus E assigns
to each vertex i € V the R-dimensional real vector space E; := E;. This is the way
vector bundles over simplicial complexes are defined in general: Such a bundle E
assigns to each vertex i a R-dimensional real vector space E; in such a way that
E,-ﬂEj = (@ fori 7& J

So far the notion of a discrete vector bundle is completely uninteresting mathe-
matically: The obvious definition of an isomorphism between two such bundles E
and E just would require a vector space isomorphism f; : E; — E; for each vertex
i. Thus, unless we put more structure on our bundles, any two vector bundles of the
same rank over a simplicial complex are isomorphic.

Suppose now that E comes with a connection V. Then we can use the parallel
transport along edges ij of the triangulation to define vector space isomorphisms

Nij ZEi —)Ej
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This leads to the standard definition of a connection on a vector bundle over a
simplicial complex: Such a connection is given by a collection of isomorphisms
7;j : E; — E; defined for each edge ij such that

—1
Nji =My -
Now the classification problem becomes non-trivial because for an isomorphism f

between two bundles E and E with connection we have to require compatibility with
the transport maps 7;;:

fiomij =10 fi.

Given a connection 7 and a closed edge path v = ¢, - - - e; (compare Sect.4) of
the simplicial complex we can define the monodromy P, € Aut(E;) around -y as

P, =1,0...00,.

In particular the monodromies around triangular faces of the simplicial complex
provide an analog for the smooth curvature in the discrete setting. In Sect. 4 we will
classify vector bundles with connection in terms of their monodromies.

Let us look at the special case of a rank 2 bundle E that is oriented and comes
with a Euclidean scalar product. Then the 90°-rotation in each fiber makes it into
1-dimensional complex vector space, so we effectively are dealing with a hermitian
complex line bundle. If ijk is an oriented face of our simplicial complex, the mon-
odromy Ppy;ji : E; — E; around the triangle ijk is multiplication by a complex num-
ber h;j; of norm one. Writing h;j; = e'“* with —m < ayjx < ™ we see that this mon-
odromy can also be interpreted as a real curvature o € (—, 7]. It thus becomes
apparent that the information provided by the connection 7 cannot encode any cur-
vature that integrated over a single face is larger than +7. This can be a serious
restriction for applications: We effectively see a cutoff for the curvature that can be
contained in a single face.

Remember however our starting point: We asked for structure that can be nat-
urally transferred from the smooth setting to the discrete one. If we think again
about a triangulated smooth manifold it is clear that we can associate to each two-
dimensional face ijk the integral £2;;; of the curvature 2-form over this face. This
is just a discrete 2-form in the sense of discrete exterior calculus [5]. Including this
discrete curvature 2-form with the parallel transport 7 brings discrete complex line
bundles much closer to their smooth counterparts:

Definition A hermitian line bundle with curvature over a simplicial complex X is
a triple (E, n, $2). Here E is complex hermitian line bundle over X, for each edge
ij the maps n;; : E; — E; are unitary and the closed real-valued 2-form §2 on each
face ijk satisfies

182k 3
Mki © Njk © Nij = e % idg,.
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In Sect.7 we will prove for hermitian line bundles with curvature the discrete
analog of a well-known theorem by André Weil on the classification of hermitian
line bundles.

In Sect.8 we will define for hermitian line bundles with curvature a degree
(which can be an arbitrary integer) and we will prove a discrete version of the
Poincaré-Hopf index theorem concerning the number of zeros of a section (counted
with sign and multiplicity).

Finally we will construct in Sect. 10 for each hermitian line bundle with curva-
ture a piecewise-smooth bundle with a curvature 2-form that is constant on each
face. Sections of the discrete bundle can be canonically extended to sections of the
piecewise-smooth bundle. This construction will provide us with finite elements for
bundle sections and thus will allow us to compute the Dirichlet energy on the space
of sections.

2 Applications of Vector Bundles in Geometry Processing

Several important tasks in Geometry Processing (see the examples below) lead to
the problem of coming up with an optimal normalized section ¢ of some Euclid-
ean vector bundle E over a compact manifold with boundary M. Here “normalized
section” means that ¢ is defined away from a certain singular set and where defined
it satisfies || = 1.

In all the mentioned situations E comes with a natural metric connection V and
it turns out that the following method for finding ¢ yields surprisingly good results:

Among all sections ) of E find one which minimizes fM |V|> under the con-
straint fM [1|? = 1. Then away from the zero set of 1 use ¢ = /||

The term “optimal” suggests that there is a variational functional which is mini-
mized by ¢ and this is in fact the case. Moreover, in each of the applications there
are heuristic arguments indicating that ¢ is indeed a good choice for the problem
at hand. For the details we refer to the original papers. Here we are only concerned
with the Discrete Differential Geometry involved in the discretization of the above
variational problem.

2.1 Direction Fields on Surfaces

Here M is a surface with a Riemannian metric, E = TM is the tangent bundle and
V is the Levi-Civita connection. Figure 2 shows the resulting unit vector field ¢. If
we consider TM as a complex line bundle, normalized sections of the tensor square
L =TM ® TM describe unoriented direction fields on M. Similarly, “higher order
direction fields” like cross fields are related to higher tensor powers of TM. Higher
order direction fields also have important applications in Computer Graphics.
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Fig. 2 An optimal direction field on a surface

2.2 Stripe Patterns on Surfaces

A stripe pattern on a surface M is a map which away from a certain singular set
assigns to each point p € M an element ¢(p) € S = {z € C||z| = 1}. Such amap ¢
can be used to color M in a periodic fashion according to a color map that assigns a
color to each point on the unit circle S. Suppose we are given a 1-form w on M that
specifies a desired direction and spacing of the stripes, which means that ideally we
would wish for something like ¢ = ¢’® with dov = w. Then the algorithm in [9] says
that we should use a ¢ that comes from taking E as the trivial bundle E = M x C and
Vi = dip — iw. Sometimes the original data come from an unoriented direction
field and (in order to obtain the 1-form w) we first have to move from M to a double
branched cover M of M. This is for example the case in Fig. 3.

2.3 Decomposing Velocity Fields into Fields Generated
by Vortex Filaments

The velocity fields that arise in fluid simulations quite often can be understood as
a superposition of interacting vortex rings. It is therefore desirable to have an algo-
rithm that reconstructs the underlying vortex filaments from a given velocity field.
Let the velocity field v on a domain M C R? be given as a 1-form w = (v, -). Then
the algorithm proposed in [19] uses the function ¢ : M — C that results from taking
the trivial bundle E = M x C endowed with the connection Vi) = d1) — iw). Note
that so far this is just a three-dimensional version of the situation in Sect. 2.2. This
time however we even forget ¢ in the end and only retain the zero set of ¢ as the
filament configuration we are looking for (Fig. 4).
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Fig. 3 An optimal stripe pattern aligned to an unoriented direction field

Fig. 4 A knotted vortex
filament defined as the zero
set of a complex valued
function ). It is shown as the
intersection of the zero set of
Re ¢/ with the zero set of J 1)

2.4 Close-To-Conformal Deformations of Volumes

Here the data are a domain M C R? and a function # : M — R. The task is to find a
map f : M — R? which is approximately conformal with conformal factor e, i.e.
for all tangent vectors X € TM we want

ldf (X)| ~ e"|X].

The only exact solutions of this equations are the Mobius transformations. For these
we find

df (X) = e"p Xt
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Fig. 5 Close-to-conformal deformation of a sphere based on a desired conformal factor specified
as the potential of a collection of point charges

for some map ¥ : M — H with |¢)| = 1 which in addition satisfies
dy(X) = —3(gradu x X) 1.

Note that here we have identified R? with the space of purely imaginary quaternions.
Let us define a connection V on the trivial rank 4 vector bundle M x H by

Vxt = d(X) + S(gradu x X)1p.

Then we can apply the usual method and find a section ¢ : M — H with |¢| = 1. In
general there will not be any f : M — R that satisfies

df (X) = e"pX o (1

exactly but we can always look for an f that satisfies (1) in the least squares sense.
See Fig. 5 for an example.

3 Discrete Vector Bundles with Connection

An (abstract) simplicial complex is a collection X of finite non-empty sets such that
if o is an element of X so is every non-empty subset of o [14].

An element of a simplicial complex X is called a simplex and each non-empty
subset of a simplex o is called a face of 0. The elements of a simplex are called
vertices and the union of all vertices V = U, o is called the vertex set of X. The
dimension of a simplex is defined to be one less than the number of its vertices:
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dimo := |o| — 1. A simplex of dimension k is also called a k-simplex. The dimen-
sion of a simplicial complex is defined as the maximal dimension of its simplices.

To avoid technical difficulties, we will restrict our attention to finite simplicial
complexes only. The main concepts are already present in the finite case. Though,
the definitions carry over verbatim to infinite simplicial complexes.

Definition 3.1 Let IF be a field and let X be a simplicial complex with vertex set V.
A discrete F-vector bundle of rank R € N over X is a map 7 : E — 'V such that for
each vertex i € V the fiber over i

E =7 '({i})

has the structure of a R-dimensional [F-vector space.

Most of the time, we slightly abuse notation and denote a discrete vector bundle
over a simplicial complex schematically by E — X.

The usual vector space constructions carry fiberwise over to discrete vector bun-
dles. So we can speak of tensor products or dual bundles. Moreover, the fibers can be
equipped with additional structures. In particular, a real vector bundle whose fibers
are Euclidean vector spaces is called a discrete Euclidean vector bundle. Similarly, a
complex vector bundle whose fibers are hermitian vector spaces is called a discrete
hermitian vector bundle.

So far discrete vector bundles are completely uninteresting from the mathemat-
ical viewpoint—the obvious definition of an isomorphism f between two discrete
vector bundles E and E just requires isomorphisms between the fibers f; : E; — E;.
Thus any two bundles of rank £ are isomorphic. This changes if we connect the
fibers along the edges by isomorphisms.

Let o = {ip, ..., ix} be a k-simplex. We define two orderings of its vertices to be
equivalent if they differ by an even permutation. Such an equivalence class is then
called an orientation of ¢ and a simplex together with an orientation is called an
oriented simplex. We will denote the oriented k-simplex just by the word i - - - i;.
Further, an oriented 1-simplex is called an edge.

Definition 3.2 Let E — X be a discrete vector bundle over a simplicial complex. A
discrete connection on E is a map 1 which assigns to each edge ij an isomorphism
n;; - B — E; of vector spaces such that

—1

Nji =Ny -
Remark 3.3 Here and in the following a morphism of vector spaces is a linear map
that also preserves all additional structures—if any present. E.g., if we are dealing
with hermitian vector spaces, then a morphism is a complex-linear map that pre-
serves the hermitian metric, i.e. it is a complex linear isometric immersion.

Definition 3.4 A morphism of discrete vector bundles with connection is a map
f : E — F between discrete vector bundles E — X and F — X with connections 7
and 6 (resp.) such that
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(i) foreach vertex i we have that f(E;) C F; and the map f; = fg, : E; — F; is
a morphism of vector spaces,
(ii) for each edge ij the following diagram commutes:

6y
F,—

] =

F;

e a—
Sh

i.e. 9,']' [¢] ﬁ = fj [¢] 77,']-.

An isomorphism is a morphism which has an inverse map, which is also a morphism.
Two discrete vector bundles with connection are called isomorphic, if there exists
an isomorphism between them.

Again let V denote the vertex set of X. A discrete vector bundle E — X with
connection 7 is called trivial, if it is isomorphic to the product bundle

F? .=V x F*?

over X equipped with the connection which assigns to each edge the identity idps.
It is a natural question to ask how many non-isomorphic discrete vector bundles
with connection exist on a given simplicial complex X.

Remark 3.5 For k € N, the k-skeleton X* of a simplicial complex X is the subcom-
plex that consists of all simplices o € X of dimension < k,

X :={o € X |dimo < k}.

The classification of vector bundles over X only involves its 1-skeleton X' and could
be equally done just for discrete vector bundles over 1-dimensional simplicial com-
plexes, i.e. graphs. Later on, when we consider discrete hermitian line bundles with
curvature in Sect. 7, the 2- and 3-skeleton come into play and finally, in Sect. 11, we
will use the whole simplicial complex.

4 Monodromy—A Discrete Analogue of Kobayashi’s
Theorem

Let X be a simplicial complex. Each edge ij of X has a start vertex s(ij) :=i
and a target vertex f(ij) := j. A edge path ~y is a sequence of successive edges
(e1,...,ep),1.e. s(epyr1) =t(ex) forall k =1,...,¢ — 1, and will be denoted by
the word:

Y=¢€p---€q.
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If i = s(ey), we say that y starts at i, and if j = #(ey) that v ends at j. The complex
X is called connected, if any two of its vertices can be joined by an edge path. From
now on we will only consider connected simplicial complexes.

Now, let E — X be a discrete vector bundle with connection 7. To each edge
path y = ¢, ---e; fromi to j, we define the parallel transport P, : E; — E; along

7 by
P, :=n,0---01,,.

To each edge path v = e, ---e; we can assign an inverse path v~'. If y = e, - - -
egy+ starts where v ends, we can build the concatenation y+: With the notation
ij~':= ji, we have

-1 ._ -1 -1 e
’Y .—61 ~-~€Z R 7’7.—€m-~-€g+1€('~-81.

Whenever 4+ is defined,

Py, =Pj0P,, Poi=P 2)
The elements of the fundamental group are identified with equivalence classes of
edge loops, i.e. edge paths starting and ending a given base vertex i of X, where two
such loops are identified if they differ by a sequence of elementary moves [16]:

-1
€p--Cpy1€ -] <> €p€Cky1€f-e].

Now, by Eq. (2), we see that the parallel transport descends to a representation of
the fundamental group (X', i). We encapsulate this in the following

Proposition 4.1 Let E — X be a discrete vector bundle with connection over a
connected simplicial complex. The parallel transport descends to a representation
of the fundamental group m (X', i):

Mm:m (X', i) - Aut(E), [yl P,.

The representation I will be called the monodromy of the discrete vector bundle E.

If we change the base vertex this leads to an isomorphic representation—an iso-
morphism is just given by the parallel transport P, along an edge path joining the
two base vertices. Moreover, if f : E — E is an isomorphism of discrete vector bun-
dles with connection over the simplicial complex X, for any edge path v = ¢; - - - ¢}
from a vertex i to a vertex j the following equality holds:

157, = fjoP,0 f;l.
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Here P and P denote the parallel transports of E and E. Thus we obtain:

Proposition 4.2 Isomorphic discrete vector bundles with connection have isomor-
phic monodromies.

In fact, the monodromy completely determines a discrete vector bundle with
connection up to isomorphism, which provides a complete classification of dis-
crete vector bundles with connection: Let X be a connected simplicial complex.
Let E— X be a discrete F-vector bundle of rank & with connection and let
M : (X', i) — Aut(E;) denote its monodromy. Any choice of a basis of the fiber
E; determines a group homomorphism p € Hom (Tl'[ (X', i), GL(&, IF)). Any other
choice of basis determines a group homomorphism p which is related to p by con-
jugation, i.e. there is S € GL(R, IF) such that

o) = S - p(IV) - S7! forall [y] € m (X, i).

Hence the monodromy 91 determines a well-defined conjugacy class of group
homomorphisms from 7, (X', i) to GL(8, F), which we will denote by [91]. The
group GL(R, F) will be referred to as the structure group of E.

Let QT?(IX:) denote the set of isomorphism classes of F-vector bundles of rank
R with connection over X and let Hom(m (X', i), GL(&, F))/~ denote the set of
conjugacy classes of group homomorphisms from the fundamental group m (X', i)
into the structure group GL(R, F).

Theorem 4.3 F : U (X) — Hom(m; (X', i), GL(R,F))/~, [E]l— [IM] is bijec-

tive.

Proof By Proposition 4.2, F is well-defined. First we show injectivity. Consider two
discrete vector bundles E, E over X with connections 7, 7 and let 91, M denote their
monodromies. Suppose that [9] = [95?]. If we choose bases {X l.l, R Xl.ﬁ} of E;
and {X Lo X £} of E;, then 91 and 901 are represented by group homomorphisms
p, p € Hom(my (X', i), GL(R, F)) which are related by conjugation. Without loss of
generality, we can assume that p = p. Now, let T be a spanning tree of X with root i.
Then for each vertex j of X there is an edge path y; ; from the root i to the vertex j
entirely contained in 7. Since T contains no loops, the path «y; ; is essentially unique,
i.e. any two such paths differ by a sequence of elementary moves. Thus we can use
the parallel transport to obtain bases {X}, ey X_f‘} CE; and {Xl, e 5(?} CE,
at every vertex j of X. With respect to these bases the connections 7 and 7} are
represented by elements of GL(R, F). By construction, for each edge e in T the
connection is represented by the identity matrix. Moreover, to each edge e = jk
not contained in 7T there corresponds a unique [v.] € m; (X', i). With the notation
above, it is given by v, = 7, kle 7vi,j- In particular, on the edge e both connections
are represented by the same matrix p([7.]) = p([7.]). Thus, if we define f : E — E
by f(X}) = )2;" form = 1,..., & we obtain an isomorphism, i.e. E = E. Hence
F is injective.
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To see that F is surjective we use T to equip the product bundle E := V x F#*
with a particular connection 7. Let p € Hom(m (X', i), GL(R, IB‘)). If e lies in T
we set 7, = id else we set 1), := p([7.]). By construction, F([E]) = [p]. Thus F is
surjective. (]

Remark 4.4 Note that Theorem 4.3 can be regarded as a discrete analogue of a the-
orem of S. Kobayashi [10, 13], which states that the equivalence classes of connec-
tions on principal G-bundles over a manifold M are in one-to-one correspondence
with the conjugacy classes of continuous homomorphisms from the path group
® (M) to the structure group G. In fact, the fundamental group of the 1-skeleton
is a discrete analogue of ®(M).

5 Discrete Line Bundles—The Abelian Case

In this section we want to focus on discrete line bundles, i.e. discrete vector bundle
of rank 1. Here the monodromy descends to a group homomorphism from the closed
1-chains to the multiplicative group F, := I \ {0} of the underlying field. This leads
to a description by discrete differential forms (Sect. 6).

Let L — X be discrete F-line bundle over a connected simplicial complex. In
this case the structure group is just I, which is abelian. Thus we obtain

Hom(m (X', 1), F,))/~ = Hom(m (X', i), F.).

Hom (7r] 0, IF*) carries a natural group structure. Moreover, the isomorphism
classes of discrete line bundles over X form an abelian group. The group structure
is given by the tensor product: For [L], [L] € QT]'F(DC), we have

[LIIL] =[L®L], [L]™'=I[L"].

The identity element is given by the trivial bundle. In the following we will denote
the group of isomorphism classes of F-line bundles over X by Ugc-

The map F : Ugc — Hom(m(xl, i), IF*), [L] +— [97] is a group homomor-
phism. By Theorem 4.3, F is then an isomorphism.

Now, since [F, is abelian, each homomorphism p € Hom (771(36‘, i), F*) factors
through the abelianization

(X, )y = (X, ) /[ (X, 0), T (X, )],

i.e. for each p € Hom(m (X', i), F,) there is a unique p,, € Hom (7 (X', i)ap, Fy)
such that

P = Pab © Tab-
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Here 7 : T (X', i) — (X', i)q denotes the canonical projection. This yields an
isomorphism between Hom (7r1 X, 0, ]F*) and Hom (71'1 (XY, D abs IF*) In particular,

L% = Hom (my (X", i)ap, F.).

As we will see below, the abelianization 7, (X', i), is naturally isomorphic to the
group of closed 1-chains.

The group of k-chains Ci(X, Z) is defined as the free abelian group which is
generated by the k-simplices of X. More precisely, let X" denote the set of oriented
k-simplices of X. Clearly, for k > 0, each k-simplex has two orientations. Inter-
changing these orientations yields a fixed-point-free involution py : X" — X7". The
group of k-chains is then explicitly given as follows:

Ci(X,Z) = {c XY > Zcop = —c}.
Since simplices of dimension zero have only one orientation, X§" = Xy. Thus,
Co(X,Z) = {c XY — Z}.
It is common to identify an oriented k-simplex o with its elementary k-chain, i.e. the
chain which is 1 for o, —1 for the oppositely oriented simplex and zero else. With

this identification a k-chain ¢ can be written as a formal sum of oriented k-simplices
with integer coefficients:

m
c= E nio;, n; €L, o; € Xy

i=1

The boundary operator Oy : Cy (X, Z) — Ci_1(X, Z) is then the homomorphism
which is uniquely determined by

k
8ki0"'ik:Z(_l)jiO"‘ij"'ik-
j=0

It well-known that J o Jy,; = 0. Thus we get a chain complex

Or+1

0z Lozl . Loz &L

The simplicial Homology groups Hy (X, Z) may be regarded as a measure for the
deviation of exactness:

H; (X, Z) := ker Oy /im O .

The elements of ker J; are called k-cycles, those of im 0y are called k-boundaries.
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It is a well-known fact that the abelianization of the first fundamental group is the
first homology group (see e.g. [7]). Now, since the first homology of the 1-skeleton
consists exactly of all closed chains of X, we obtain

T (X, ) ap = ker 9.

The isomorphism is induced by the map 7 (X', i) — ker 9, given by [v] — Zj ej,
where v = ¢; - - - ¢;. We summarize the above discussion in the following theorem.

Theorem 5.1 The group of isomorphism classes of line bundles Ugc is naturally
isomorphic to the group Hom(ker 0y, F,):

L]:})Tc = Hom(ker 91, F,).

The isomorphism of Theorem 5.1 can be made explicit using discrete F,-valued
1-forms associated to the connection of a discrete line bundle.

6 Discrete Connection Forms

Throughout this section X denotes a connected simplicial complex.

Definition 6.1 Let & be an abelian group. The group of &-valued discrete k-forms
is defined as follows:

24X, &) := {w: C(X) > & | w group homomorphism}.
The discrete exterior derivative dy is then defined to be the adjoint of i1, i.e.
di 1 25X, ) - 21X, 8), dw i=wo Gy

By construction, we immediately get that dii; o dy = 0. The corresponding
cochain complex is called the discrete de Rahm complex with coefficients in &:

0— 200, 8) B o', 8) L. 2L ok ey & .

In analogy to the construction of the homology groups, the k-th de Rahm Cohomol-
ogy group H¥(X, &) with coefficients in & is defined as the quotient group

H*(X, &) := kerd, /imdj_;.

The discrete k-forms in ker dj are called closed, those in im d;_; are called exact.
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Now, let € denote the space of connections on the discrete F-line bundle
L - X:

L= {77 | n connection on L}.
Any two connections 7, § € € differ by a unique discrete 1-form w € 2'(X, F,):
0 = wn.

Hence the group £2' (X, IF,.) acts simply transitively on the space of connections €} .
In particular, each choice of a base connection 3 € € establishes an identification

CLon=wl <« we X, F,.

Remark 6.2 Note that each discrete vector bundle admits a trivial connection. To
see this choose for each vertex a basis of the corresponding fiber. The correspond-
ing coordinates establish an identification with the product bundle. Then there is a
unique connection that makes the diagrams over all edges commute.

Definition 6.3 Let n € €. A connection form representing the connection 7 is a
1-form w € £2'(X, F,) such that = w3 for some trivial base connection /3.

Clearly, there are many connection forms representing a connection. We want to
see how two such forms are related.

More generally, two connections 7 and 6 in €, lead to isomorphic discrete line
bundles if and only if for each fiber there is a vector space isomorphism f; : L; —
L;, such that for each edge ij:

bij o fi = fjomni.

Since 7, and 6, are linear, this boils down to discrete [F,-valued functions and the
relation characterizing an isomorphism becomes

0 = (g;8 " )mij = (d)imyj,

i.e. 77 and @ differ by an exact discrete F,-valued 1-form. In particular, the difference
of two connection forms representing the same connection 7 is exact.

Thus we obtain a well-defined map sending a discrete line bundle L with con-
nection to the corresponding equivalence class of connection forms

[w] € 21X, F,)/d2°(X, F,).

Theorem 6.4 The map F : LS. — 2'(X,F,)/d2°(X,F,), [L] — [w], where w is
a connection form of L, is an isomorphism of groups.
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Proof Clearly, F is well-defined. Let L and L be two discrete complex line bundle
with connections 7 and 6, respectively. If 3 € € and 3 € &; are trivial, so is 8 ®

Ge ¢, i - Hence, with n = w3 and 7) = @3, we get
F(L®L) = [wi] = [w][@] = F(L)F(LD.

By the preceding discussion, F is injective. Surjectivity is also easily checked. [

Next we want to prove that the map given by
2'(X.F,)/d2°(X,F,) 3 [w] = wliero, € Hom(ker 9y, F,)

is a group isomorphism. Clearly, it is a well-defined group homomorphism. We
show its bijectivity in two steps. First, the surjectivity is provided by the following

Lemma 6.5 Let X be a simplicial complex and & be an abelian group. Then the
restriction map ® : 2%(X, &) — Hom(ker 0y, &), w — Wlker o, 1S surjective.

Proof If we choose an orientation for each simplex in X, then O is given by
an integer matrix. Now, there is a unimodular matrix U such that 0,U = (0|H)
has Hermite normal form. Write U = (A|B), where 0yA = 0 and 0y B = H and
let a; denote the columns of A, i.e. A = (ay,...,a,). Clearly, a; € ker O;. More-
over, if ¢ € ker 9, then 0 = Oyc = (0|H)U 'c. Hence U~ 'c = (¢,0) 7, ¢ € Z¢,
and thus ¢ = Aq. Therefore {a; | i =1, ..., £} is a basis of ker Jy. Now, let u €
Hom(ker 0k, Z). A homomorphism is completely determined by its values on a
basis. We define w = (u(ay), ..., u(ay),0...,00U~". Then w e 2¥(X,Z) and
wA = (u(ay), ..., ulae)). Hence @ (w) = p and @ is surjective for forms with coef-
ficients in Z. Now, let & be an arbitrary abelian group. And p € Hom(ker d, &).
Now, if ay, .., a; is an arbitrary basis of ker Jy, then there are forms wy, ..., w, €
£2%(X, Z) such that w; (a ;) = 6;;. Since Z acts on &, we can multiply w; with ele-
ments g € & to obtain forms with coefficients in &. Now, set w = Zf:, w; - pla;p).
Then w € 2K(X, ®) and w(a;) = p(a;) fori =1, ..., £. Thus ®(w) = u. Hence ®
is surjective for forms with coefficients in arbitrary abelian groups. |

The injectivity is actually easy to see: If wly.; 9, =0, we define an IF,-valued
function f by integration along paths: Fix some vertex i. Then

7O :=/w = > wle),

eey

where 7y is some path joining i to j. Since wly 9, = 0, the value f(j) does not
depend on the choice of the path . Moreover, df = w. Together with Lemma 6.5,
this yields the following theorem.

Theorem 6.6 The map F : 24X, F*)/d.QO(DC, F,) — Hom(ker 0y, IF,) given by
(W] = Wlker g, is an isomorphism of groups.
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Now, let us relate this to Theorem 5.1. Let L — X be a line bundle with connec-
tion 17 and w be a connection form representing 7, i.e. = w/3 for some trivial base
connection 3. Let [v] € 71 (X!, i), where v = ey - - - e;. By linearity and since trivial
connections have vanishing monodromy, we obtain

fm([’Y]) =Te, O+ 0Ty = We, * - Wey * Beg -0 Bel = W(ﬂ-ub([’y])) . id'L; .

Hence, by the uniqueness of [9)1],,, we obtain the following theorem that brings

everything nicely together.

Theorem 6.7 Let L. — X be a line bundle with connection 1. Let 9t denote its
monodromy and let w be some connection form representing 1. Then, with the iden-
tifications above,

[Map = [w].

7 Curvature—A Discrete Analogue of Weil’s Theorem

In this section we describe complex and hermitian line bundles by their curvature.
For the first time we use more than the 1-skeleton.

Let X be a connected simplicial complex and & an abelian group. Since d*> = 0,
the exterior derivative descends to a well-defined map on 25X, &) /d (X, &),
which again will be denoted by d. Explicitly,

d: 28X, 8)/d2" (X, &) — 21X, 8), [w] > dw.

Definition 7.1 The F.-curvature of a discrete F-line bundle L — X is the discrete
2-form 22 € 2°(X, F,) given by

2 =d[w],

where [w] € 21(X, F,)/d2°(X, F,) represents the isomorphism class [L].

Remark 7.2 Note that £2 just encodes the parallel transport along the boundary of
the oriented 2-simplices of X—the “local monodromy”.

From the definition it is obvious that the [F,-curvature is invariant under isomor-
phisms. Thus, given a prescribed 2-form £2 € 2%(X, F,), it is a natural question to
ask how many non-isomorphic line bundles have curvature 2.

Actually, this question is answered easily: If d[w] = 2 = d[&], then the differ-
ence of w and w is closed. Factoring out the exact 1-forms we see that the space
of non-isomorphic line bundles with curvature §2 can be parameterized by the first
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cohomology group H' (X, FF,.). Furthermore, the existence of a line bundle with cur-
vature 2 € 22(X, F,) is equivalent to the exactness of £2.

But when is a k-form §2 exact? Certainly it must be closed. Even more, it must
vanish on every closed k-chain: If £2 = im d and S is a closed k-chain, then

2(8) =dw(S) =w(0S) =0.

For k = 1, as we have seen, this criterion is sufficient for exactness. For k > 1 this
is not true with coefficients in arbitrary groups.

Example 7.3 Consider a triangulation X of the real projective plane RP?. The zero-
chain is the only closed 2-chain and hence each Z,-valued 2-form vanishes on every
closed 2-chain. But H*(X, Z,) = Z, and hence there exists a non-exact 2-form.

In the following we will see that this cannot happen for fields of characteristic
zero or, more generally, for groups that arise as the image of such fields.
Clearly, there is a natural pairing of Z-modules between %X, &) and Ci (X, Z):

()25, 8) x Cu(X,Z) > &, (w,¢) — w(c).

This pairing is degenerate if and only if all elements of & have bounded order. In
particular, if & is a field IF of characteristic zero, (., .) yields a group homomorphism

Fy : Ci(X, Z) — Homg(25(X, F), F) = (25X, F))*.
A basis of C;(X,Z) is mapped under F; to a basis of (£2¥(X, F))* and hence
Ci(X, Z) appears as an ng-dimensional lattice in (£2%(X, F))*.
Let d;f denote the adjoint of the discrete exterior derivative d; with respect to the
natural pairing between 2% (X, F) and (£2%(X, F))*. Clearly,
d;: o Fk = Fk o ak+1.
Now, since the simplicial complex is finite, we can choose bases of Cy (X, Z) for all

k. This in turn yields bases of (£2¥(X, F))* and hence, by duality, bases of £2%(X, ).
With respect to these bases we have

Cu(X,Z) = 7" Cc F™* = (25X, F))* = %X, F), (3)

where n; denotes the number of k-simplices. Moreover, the pairing is represented
by the standard product. The operator d; ;| = 0 is then just an integer matrix and

O =d_,.
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Fig. 6 With the )
identifications (3), the space e imdg_q
of k-forms becomes a direct
sum of the image of dy_
and the kernel of its adjoint
dj_,, the latter of which
contains the closed k-chains
as a lattice

We have imd_; L kerd}/_,. Moreover, by the rank-nullity theorem,
ny =dimimd;_| +dimkerd; ; = dimimd_; + dimkerd;_,.

Hence, under the identifications above, we have that F"* = im di_; @ kerd}"_, (see
Fig. 6). Moreover, ker 0y contains a basis of ker d;_,. From this we conclude imme-
diately the following lemma.

Lemma 7.4 Letw € KX, F), where Fisa field of characteristic zero. Then
w € imdy_| < (w, c) =0 forall c € ker 0.

Remark 7.5 Note, that for boundary cycles the condition is nothing but the closed-
ness of the form w. Thus Lemma 7.4 states that a closed form w € 2%(X, F) is exact
if and only if the integral over all homology classes [c] € Hi (X, Z) vanishes.

Let & be an abelian group. The sequence below will be referred to as the k-th
Sfundamental sequence of forms with coefficients in &:

21X, &) 2L KX, 6) 25 Hom(ker 8;, ) — 0,

where ®; denotes the restriction to the kernel of 0, i.e. ®p(w) := Wlkerg, -
Combining Lemmas 6.5 and 7.4 we obtain that the fundamental sequence with

coefficients in a field [F of characteristic zero is exact for all k > 1. This serves as an

anchor point. The exactness propagates under surjective group homomorphisms.

Lemma 7.6 Let 2 EN B — 0 be a an exact sequence of abelian groups. Then, if
the k-th fundamental sequence of forms is exact with coefficients in 2, so it is with
coefficients in ‘B.
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Proof By Lemma 6.5 the restriction map ®;, is surjective for every abelian group.
It is left to check that ker &, = im d,_; with coefficients in 8. Let £2 € £2%(X, B)
such that ®;(£2) = 0. Since f : A — B is surjective, there is a form E € 2%(X, A)
such that £2 = f o E. Since 0 = @, (£2) = f o &, (E), we obtain that & (E) takes
its values in ker f. Since @ is surjective for arbitrary groups, there is ® € 2% (X,
ker f) such that ®;(E) = ®,;(®). Hence ®;(E — ®) = 0. Thus there is a form £ €
QK1(X, A) such that dj_ € = B — @. Now, let w := f o £ € 2K (X, B). Then

dijw=di1fol=fod1§=fo(E—0)=foE=45.
Hence ker ®;, = im d;_; and the sequence (with coefficients in B) is exact. ([l

Remark 7.7 The map f :C — C, z — exp(2m z) provides a surjective group
homomorphism from C onto C,, and similarly from R onto S. Hence the k-th fun-
damental sequence of forms is exact for coefficients in C, and in the unit circle S.

Remark 7.8 The k-th fundamental sequence with coefficients in an abelian group
& is exact if and only if £2%(X, )/d 2%~ (X, &) = Hom (ker 0, ®). The isomor-
phism is induced by the restriction map .

The following corollary is a consequence of Remark 7.7. It nicely displays the
fibration of the complex line bundles by their C,.-curvature.

Corollary 7.9 For & =S, C, the following sequence is exact:

| > HI(X, 8) < 21X, 8)/d2°(X, 8) 5> 22X, ) — Hom(ker &>, &) — 1.

Definition 7.10 Let 2* € 2X(X, S). A real-valued form £2 € 2%(X, R) is called
compatible with 2% if £2* = exp (lSZ) A discrete hermitian line bundle with cur-
vature is a discrete hermitian line bundle L with connection equipped with a closed
2-form compatible with the S-curvature of L.

For real-valued forms it is common to denote the natural pairing with the k-chains
by an integral sign, i.e. for w € 2%(X, R) and ¢ € C;(X, Z) we write

/w = (w, c) = w(c).

Theorem 7.11 Let L be a discrete hermitian line bundle with curvature §2. Then
$2 is integral, i.e.

/.Q €2nZ, forallc € ker0,.
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Proof By definition the curvature form £2 satisfies exp(z.Q) = dw for some con-
nection form w € 21(X, S). Thus, if ¢ € ker 0»,

exp(l/.Q) = {exp(1£2), c) = (dw, ¢) = (w, Oc) = 1.

This proves the claim. O

Conversely, Corollary 7.9 yields a discrete version of a theorem of André Weil
[11, 18], which states that any closed smooth integral 2-form on a manifold M can
be realized as the curvature of a hermitian line bundle. This plays a prominent role
in the process of prequantization [17].

Theorem 7.12 If 2 € 22X, R) is integral, then there exists a hermitian line bun-
dle with curvature S2.

Proof Consider £2* := exp(i §2). Since 2 is integral, (2*, ¢) = 1 for all ¢ € ker 05.
By Corollary 7.9, there exists r € 2'(X, S) such that dr = 2*. This in turn defines
a hermitian line bundle with curvature £2. O

Remark 7.13 Moreover, Corollary 7.9 shows that the connections of two such bun-
dles differ by an element of H'(X, S). Thus the space of discrete hermitian line
bundles with fixed curvature 2 can be parameterized by H' (X, S).

8 The Index Formula for Hermitian Line Bundles

Before we define the degree of a discrete hermitian line bundle with curvature or
the index form of a section, let us first recall the situation in the smooth setting.
Therefore, let L — M be a smooth hermitian line bundle with connection. Since
the curvature tensor RV of V is a 2-form taking values in the skew-symmetric
endomorphisms of L, it is completely described by a closed real-valued 2-form
Q2 € 2°M, R),

RY = —i82.

The following theorem shows an interesting relation between the index sum of a
section ¢ € I'(L), the curvature 2-form £2, and the rotation form &Y of 1. This
form is defined as follows:

e (V0)
T W)
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Theorem 8.1 Let L — M be a smooth hermitian line bundle with connection and
§2 its curvature 2-form. Let ¢ € ' (L) be a section with a discrete zero set Z. Then,
if C is a finite smooth 2-chain such that 0C N Z = 0,

2 Y ind}{:/ g*"+/9.
peCnz ac ¢

Proof We can assume that C is a single smooth triangle. Then we can express ) on
C in terms of a complex-valued function z and a pointwise-normalized local section
¢,1i.e. Y = z ¢. Since Im(dz—z) = d arg(z), we obtain

b 1 dz
§¥ = W(dz ¢+zVpiz9) = <? 0, 19) +(Vo,10) = darg(z) + (Vo,19).
Moreover, away from zeros, we have

d(Vo,19) = (RVp,10) + (Vo A1V P) = (RV ¢, 14) = —£2.
Hence we obtain
/ ng/ darg(z)+/ (Vo,1¢) =21 > index,,(dz)—/.Q.
ac ac ac pecnz c
This proves the claim. O

In the case that L is a hermitian line bundle with connection over a closed ori-
ented surface M, Theorem 8.1 tells us that fM §2 € 2n7Z. This yields a well-known
topological invariant—the degree of L:

1
deg(L) := §~/MQ

From Theorem 8.1 we immediately obtain the famous Poincaré-Hopf index theo-
rem.

Theorem 8.2 Let L. — M be a smooth hermitian line bundle over a closed oriented
surface. Then, if 1) € I'(L) is a section with isolated zeros,

deg(L) = z ind}f.

pPeM

Now, let us consider the discrete case. In general, a section of a discrete vec-
tor bundle E — X with vertex set V is a map ¢ : V — E such that the following
diagram commutes
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E
s
V——"V

id ,

i.e. mo 1 =id. As in the smooth case, the space of sections of E is denoted by
I'(E).

Now, let L — X be a discrete hermitian line bundle with curvature £2 and let
1) € I' (L) be a nowhere-vanishing section such that

nij (Vi) # —; “4)

for each edge ij of X. Here 7 denotes the connection of L as usual. The rotation
Sform &Y of 1) is then defined as follows:

G = () € o

Remark 8.3 Equation (4) can be interpreted as the condition that no zero lies in the
1-skeleton of X (compare Sect. 11). Actually, given a consistent choice of the argu-
ment on each oriented edge, we could drop this condition. Figuratively speaking, if
a section has a zero in the 1-skeleton, then we decide whether we push it to the left
or the right face of the edge.

Now we can define the index form of a discrete section:
Definition 8.4 Let L — X be a discrete hermitian line bundle with curvature £2.
For ¢ € I'(L), we define the index form of 1) by

ind” := %(dgw +R).

Theorem 8.5 The index form of a nowhere-vanishing discrete section is Z-valued.

Proof Let L be a discrete hermitian line bundle with curvature and let 7 be its con-
nection. Let ¢ € "' (L) be a nowhere-vanishing section. Now, choose a connection
form w, i.e. n = w3, where (3 is a trivial connection on L. Then we can write ) with
respect to a non-vanishing parallel section ¢ of [, i.e. there is a C-valued function z
such that 1) = z¢. Then 5;’ = arg(-L-) and thus

WiiZi
WijZi

Zi

) + 1 arg( Z.:/‘ ) + 1 arg( “ ) = !

exp(2mi del)) = exp(i arg = )
( ) ( (wkiZk WijZi WikZj dwijx



220 F. Knoppel and U. Pinkall

Thus
exp (1 .Q,-jk)
dw,‘jk

exp(27rl ind:?k) = =1.

This proves the claim. O

If L is a discrete hermitian line bundle with curvature §2 over a closed oriented
surface X, then we define the degree of L just as in the smooth case:

1
deg(L) = %/X.Q

Here we have identified X by the corresponding closed 2-chain. From Theorem 7.11
we obtain the following corollary.

Corollary 8.6 The degree of a discrete hermitian line bundle with curvature is an
integer:

deg(L) € Z.

The discrete Poincaré-Hopf index theorem follows easily from the definitions:

Theorem 8.7 Let L. — X be a discrete hermitian line bundle with curvature §2 over
an oriented simplicial surface. Ify € I' (L) is a non-vanishing discrete section, then

deg(L) = > ind};,.
ijkeX

Proof Since the integral of an exact form over a closed oriented surface vanishes,

2m deg(L) =/xf?=/xd§”’+9=27r > ind,

ijkeX

as was claimed. O

9 Piecewise-Smooth Vector Bundles over Simplicial
Complexes

It is well-known that each abstract simplicial complex X has a geometric realization
which is unique up to simplicial isomorphism. In particular, each abstract simplex
is realized as an affine simplex. Moreover, each face ¢’ of a simplex o € X comes
with an affine embedding
/
log 1 0 < 0.
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In the following, we will not distinguish between the abstract simplicial complex
and its geometric realization.

Definition 9.1 A piecewise-smooth vector bundle E over a simplicial complex X is
a topological vector bundle 7 : E — X such that

(a) foreach o € X the restriction E, := E|, is a smooth vector bundle over o,
(b) for each face o’ of o € X, the inclusion E,» < E, is a smooth embedding.

As a simplicial complex, X has no tangent bundle. Nonetheless, differential
forms survive as collections of smooth differential forms defined on the simplices
which are compatible in the sense that they agree on common faces:

Definition 9.2 Let E be a piecewise-smooth vector bundle over X. An E-valued
differential k-form is a collection w = {w, € £2%(co, E,)}scx such that for each face
o’ of a simplex o € X the following relation holds:

*
lyyWo = Wy,

where ¢y, : 0/ <> o denotes the inclusion. The space of E-valued differential k-
forms is denoted by 2% (X, E).

Remark 9.3 Note that a O-form defines a continuous map on the simplicial complex.
Hence the definition includes functions and, more generally, sections: A piecewise-
smooth section of E is a continuous section 1) : X — E such that for each simplex
o € X the restriction 9, := |, : ¢ — E, is smooth, i.e.

Iy(EB) :={1: X —> E |, € I'(E,) forall o € X}.

Since the pullback commutes with the wedge-product A and the exterior deriva-
tive d of real-valued forms, we can define the wedge product and the exterior deriv-
ative of piecewise-smooth differential forms by applying it componentwise.

Definition 9.4 For w = {w,},ex € .Qfm (X, R), n = {ny}oex € .Qf;s(x, R),
WA = {Ws ANgloex, dw:={dws}sex.

All the standard properties of A and d also hold in the piecewise-smooth case.

Definition 9.5 A connection on a piecewise-smooth vector bundle E over X is a
linear map V : I',,(E) — £2,,(X, E) such that

V(f)=df Y+ fV, forall f e 2) (X, R), 1€ Iy(E).

Once we have a connection on a smooth vector bundle we obtain a corresponding
exterior derivative d" on E-valued forms.
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Theorem 9.6 Let E be a piecewise-smooth vector bundle over X. Then there is
a unique linear map d" : .Qfm (X,E) — .Q]’jjl(x, E) such that dV+ = V) for all
Y € I'ys(E) and

A wAn) =dwAn+ (Do nd'y

forallw € .Q]’js (X,R) andn € 2° (X, E).

ps

The curvature tensor survives as a piecewise-smooth End(E)-valued 2-form:

Definition 9.7 Let E — X be a piecewise-smooth vector bundle. The endomor-
phism-valued curvature 2-form of a connection V on E is defined as follows:

d¥ od" € 25 (X,End(E)).

10 The Associated Piecewise-Smooth Hermitian
Line Bundle

LetL — X be a piecewise-smooth hermitian line bundle with connection V over a
simplicial complex. Just as in the smooth case the endomorphism-valued curvature
2-form takes values in the skew-adjoint endomorphisms and hence is given by a
piecewise-smooth real-valued 2-form £2:

d¥od¥ = —182.

Since each simplex of X has an affine structure, we can speak of piecewise-constant
forms.

The goal of this section will be to construct for each discrete hermitian line
bundle with curvature a piecewise-smooth hermitian line bundle with piecewise-
constant curvature which in a certain sense naturally contains the discrete bundle.
We first prove two lemmata.

Lemma 10.1 7o each closed discrete real-valued k-form w there corresponds a
unique piecewise-constant piecewise-smooth k-form & such that

w(c) = /&), forall c € Ci (X, Z).

The form & will be called the piecewise-smooth form associated to w.

Proof 1t is enough to consider just a single n-simplex . We denote the space of
piecewise-constant piecewise-smooth k-forms on o by £2¥ and the space of discrete
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k-forms on o by £2%. Consider the linear map F : 2% — 2% that assigns to © € 2*
the discrete k-form given by
F(@) = / w.

Clearly, F is injective. Moreover, since each piecewise-constant piecewise-smooth
form is closed, we have im F C Ker di, where d}, denotes the discrete exterior deriv-
ative. Hence it is enough to show that the space of closed discrete k-forms on ¢ is of
dimension (}). This we do by induction. Clearly, dimkerdy = 1 = (§;). Now sup-
pose that dimker d_; = (kfl). By Lemma 7.4, we have ker d; = im d;_,. Hence

dimker dy = dimimd;_; = dim 95 —dimkerd;_; = (":l) - (k'il) = (Z)
Therefore, for each closed discrete k-form we obtain a unique piecewise-constant
piecewise-smooth k-form which has the desired integrals on the k-simplices. (]

It is a classical result that on star-shaped domains U C R" each closed form is
exact: If 2 € 2%(U, R) is closed, then there exists a form w € 2% (U, R) such
that £2 = dw. Moreover, the potential can be constructed explicitly by the map K :
KU, R) — 2% (U, R) given by

k 1
K= > Z(_I)CH(/O rk*IQil...ik(rx)dz)xiﬂdxl-l/\.../\&Ta/\.../\dxik,

i1 <--<ig a=l1

where 2 = )" £2;,..i, dxj; A ... Adx;,. One directly can check that

i) <---<ip
Kd2)+dK(2) = R.

Hence, if d£2 =0, we get 2 =d K(§2). The same construction works for
piecewise-smooth forms defined on the star of a simplex. This yields the follow-
ing piecewise-smooth version of the Poincaré-Lemma.

Lemma 10.2 On the star of a simplex each closed piecewise-smooth form is exact.
Now we are ready to prove the main result of this section.

Theorem 10.3 Let L. — X be a discrete hermitian line bundle with curvature 2
over a simplicial complex and let $2 be the piecewise-smooth 2-form associated to
2. Then there is a piecewise-smooth hermitian line bundle L — X with connection
V of curvature 2 such that L; = L; for each vertex i and the parallel transports
coincide along each edge path. The bundle L is unique up to isomorphism.

Proof First we construct the piecewise-smooth hermitian line bundle. Let L — X
be a discrete hermitian line bundle with curvature §2 and let 77 denote its connection.
Let V be the vertex set of X and let S; denote the open vertex star of the vertex i.
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Further, since §2 is closed, by Lemma 10.1, there is a piecewise-constant piecewise-
smooth form §2 associated to §2. Now, consider the set

]: = U S xL;.
i€V
Note, that S; N S; # ¢ if and only if ij is an edge of X or i = j. Thus, if we set
n;; := id|y,, we can define an equivalence relation on L as follows:

@i, p,u)~(j,q,v) <= p=qgandv = exp(—t/ Q)nij(u),
AP

i

where Af;. denotes the oriented triangle spanned by the point 7, j and p. Note here
that AZ. is completely contained in some simplex of X. Let us check shortly that
this really defines an equivalence relation. Here the only non-trivial property is tran-
sitivity. Therefore, let (i, p, u) ~ (j, g, v) and (j, g, v) ~ (k,r, w). Thus we have
p=q=randpliesina simplex which contains the oriented triangle ijk. Clearly,
the 2-chain A’ + A . + A7, is homologous to ijk and since piecewise-constant
forms are closed we get

/ Q = / 9 +/ 9 + Qljk
A+ A” AL ijk

Hence we obtain

w = exp(—

2)njk eXP —l/ )n,,(u))
AP

ij

= exp $2ijk "7/k o 1;j (u)

= exp / 77]k 0771](14)

= exp(—t /ﬁ 2)mi (),

Aik

and thus (i, p,u) ~ (k,r, w) Hence ~ defines an equivalence relation. One can
check now that the quotient L := L /~ is a piecewise-smooth line bundle over X. The
local trivializations are then basically given by the inclusions S; x L; < L sending
a point to the corresponding equivalence class. Moreover, all transition maps are
unitary so that the hermitian metric of L extends to L and turns L into a hermitian

line bundle. Clearly, L =L
Next, we need to construct the connection. Therefore we will use an explicit

system of local sections: Choose for each vertex i € V a unit vector X; € L; and
define ¢;(p) := [i, p, X;]. This yields for each vertex i a piecewise-smooth section
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¢; define on the star §;. For each non-empty intersection S; N S; # @ we then obtain
a function g;; : §; N'S; — S. By the above construction, we find that, if 7;;(X;) =
rij Xj ,

gij(p) =rij exp(—z/ 2). (5)

P
Ay

Since §2 is closed, Lemma 10.2 tells us that §2| s, 1s exact. Hence there is a piecewise-
smooth 1-form w; defined on S; such that dw; = Q s, In general, the form wj is only
unique up to addition of an exact 1-form, but among those there is a unique form w;
which is zero along the radial directions originating from i. To see this, just choose
some potential &; of §2|s, and define a function f : S; — R as follows:

For p € §;, let f(p) := L » @i, where ~,” denote the linear path from the vertex
i to the point p. Then w; := Z:;i —df is a piecewise-smooth potential of §2|g, and
vanishes on radial directions. For the uniqueness, let &; be another such potential.
Then, the difference w; — &; is closed and hence exact on §;, i.e. thereis f : S; — R
such that df = w; — ;. Since df vanishes on radial directions f is constant on
radial lines starting at i and hence constant on S;. Thus w; = ;.

Suppose that for each edge ij the forms w; and w; are compatible, i.e., wherever
both are defined,

1w =1w; +dlogg;;.

Then we can define a connection V as follows: Let ¢ € I" (I:) and let X € T),o
for some simplex o of X, then there is some S; > p. On S; we can express ¢ with
respect to ¢;, i.e. 1 = z ¢; for some piecewise-smooth function z : S; — C. Then
we define

Vxp = (dz(X) —1w;(X)z)¢;. (6)

In general there are several stars that contain the point p. From compatibility easily
follows that the definition does not depend on the choice of the vertex. Hence we
have constructed a piecewise smooth connection V. One easily checks that V is
unitary and since dw; = 2|5, we get d¥ o d¥ = —12 as desired.

So it is left to check the compatibility of the forms w;; constructed above. Let ij
be some edge and let py be a point in its interior. Since w; — w; is closed, we can
define ¢ : §;NS; — R by o(p) := f% w; — wj, where v, is some path in §; N S;
from the point pg to the point p. Then, for p € §; N S},

/ 9=/ w]:/ ) pwjZ_/pwjz/pwi_wj:‘f’(P),
Ap dAp ij+y i i Vi Y

where as above %ﬁ denotes the linear path from i to p and, similarly, ij denotes
the linear path from j to the point p. From this we obtain
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wj:dgo:d/A 2

and in particular 1w; = 1w; + d log g;;. This shows the existence.

Now suppose there are two such piecewise-smooth bundles L and L with con-
nection Vand V, respectively. We want to construct an isomorphism between L and
L. Therefore we again use local systems. Explicitly, we choose a discrete direction
field X € L. This yields for each vertex i a vector X; € L; = = I; which extends by
parallel transport along rays starting at i to a local sections QS, of L and, similarly, to
a local section qb, of L defined on ;.

Now we define F : L — L tobe unique map which is linear on the fibers and
satisfies F (é,-) = ¢; on §;. To see that F is well-defined, we need to check that
it is compatible with the transition maps. But by construction both systems have
equal transition maps, namely the the functions g;; from Eq. (5) with r;; given by
7ij (X;) = rij X j. Now, if z; qS, =z; ¢,, then z; = z; g;; and hence

F(zid)) =2 b = 2 8ij; = 2; 6 = F(z; ;).

Using Eq. (6) one similarly shows that F o V = VoF.ThusL ZL. (]

11 Finite Elements for Hermitian Line Bundles
with Curvature

In this section we want to present a specific finite element space on the associated
piecewise-smooth hermitian line bundle of a discrete hermitian line with curvature.
They are constructed from the local systems that played such a prominent role in
the proof of Theorem 10.3 and the usual piecewise-linear hat function.

Let L be the associated piecewise-smooth bundle of a discrete hermitian line
bundle L — X and let x; : X — R denote the barycentric coordinate of the vertex
i €V, i.e. the unique piecewise-linear function such that x;(j) = ¢;;, where ¢ is the
Kronecker delta. Clearly,

(L) =EBL,-.

ieV

To each X € L; we now construct a piecewise-smooth section 1 as follows: First,
we extend X to the vertex star S; of the vertex i using the parallel transport along
rays starting at i. To get a global section ’(/J € I',s(L) we use x; to scale (b down to
zero on JS; and extend it by zero to X, i.e.

3, = Xi(P)Q;p forp e,
P 0 else.
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The above construction yields a linear map ¢ : I'(L) — Fps(]:). Clearly, ¢ is
injective—a left-inverse is just given by the restriction map

[y 34 > Pl € ML),

Definition 11.1 The space of piecewise-linear sections is given by I'y; (L) :=im .

Thus we identified each section of a discrete hermitian line bundle with curva-
ture with a piecewise-linear section of the associated piecewise-smooth bundle. This
allows to define a discrete hermitian inner product and a discrete Dirichlet energy on
I'(L), which is a generalization of the well-known cotangent Laplace operator for
discrete functions on triangulated surfaces. Before we come to the Dirichlet energy,
we define Euclidean simplicial complexes.

Similarly to piecewise-smooth forms we can define piecewise-smooth (con-
travariant) k-tensors as collections of compatible k-tensors: A piecewise-smooth k-
tensor is a collection T = {T,},c of smooth contravariant k-tensors 7, on ¢ such
that

L Tn = 1y,

*
o'o
whenever ¢’ is a face of 0. A Riemannian simplicial complex is then a simplicial
complex X equipped with a piecewise-smooth Riemannian metric, i.e. a piecewise-
smooth positive-definite symmetric 2-tensor g on X.

The following lemma tells us that the space of constant piecewise-smooth sym-
metric tensors is isomorphic to functions on 1-simplices.

Lemma 11.2 Ler X be a simplicial complex and let € denote the set of its 1-
simplices. For each function f : & — R there exists a unique constant piecewise-
smooth symmetric 2-tensor S such that for each 1-simplex e = {i, j}

Se(j —i, ] —i)= f(e).
Proof Ttis enough to consider a single affine n-simplex o = {iy, ..., i,} with vector
space V. Consider the map F that sends a symmetric 2-tensor S on V to the function
given by
F(S)(e) :==S@x —ij,ixr—1j), e=1{ij,ix} Co.

Clearly, F is linear. Moreover, if Q denotes the quadratic form corresponding to S,
ie. Q(X) = S(X, X), then

S(X,Y)=30X)+ 0(Y) — Q(X - Y)).

Hence, from F(S) = 0 follows S = 0. Thus F is injective. Clearly, the space of
symmetric bilinear forms is of dimension n(n 4 1)/2, which equals the number of
1-simplices. Thus F is an isomorphism. This proves the claim. O
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It is also easy to write down the corresponding symmetric tensor in coordinates:
Let o0 = {io, ..., i,} be a simplex. The vectors e; :=i; —ip, j =1,...,n, then
yield a basis of the corresponding vector space. Let f be a function defined on the
unoriented edges of o and let x;; denote the barycentric coordinates of its vertices
ij, then the corresponding symmetric bilinear form S/ is given by

S = Z fioi; dxi; @ dx;, + Z Y foi + froie = fiyir) dxi; ® doxi. (7)

1<j=n 1<j.k<n, j#k

Thus starting with a positive function f, by Sylvester’s criterion, it has to satisfy on
each n-simplex n — 1 inequalities to determine a positive-definite form. If the cor-
responding piecewise-smooth form is positive-definite, we call f a discrete metric.

Definition 11.3 A Euclidean simplicial complex is a simplicial complex X equipped
with a discrete metric, i.e. a map £ that assigns to each 1-simplex e a length ¢, > 0
such that for each simplex o the symmetric tensor S is positive-definite.

Now, let X be a Euclidean simplicial manifold of dimension n and denote by X,
the set of its top-dimensional simplices. Since each simplex of X is equipped with
a scalar product it comes with a corresponding density and hence we know how to
integrate functions over the simplices of X. Now, we define the integral over X as
follows:

/xf => /f(,, fe ) (X R).

oeX,

Moreover, given a piecewise-smooth hermitian line bundle L — X with curvature,
then there is a canonical hermitian product (., .)) on I, (L): If ¥, ¢ € I'ys(L), then

(0, o) = /x (W, B).

In particular, if L is the associated piecewise-smooth bundle of a discrete her-
mitian line bundle L with curvature 2, then we can use ¢ to pull (., .)) back to
I’ (L). Since ¢ is injective this yields a hermitian product on I"(L).

Now we want to compute this metric explicitly in terms of given discrete data.

Definition 11.4 A piecewise-linear section 1[) SN (L) is called concentrated at a
vertex i, if it is of the form ¢ = ¢(¢);) for some vector ¢); € L;.

It is basically enough to compute the product of two such concentrated sections.
Therefore, let ¢; € L; and ¢; € L; and let ¢/’ and ¢/ denote the corresponding
piecewise-linear concentrated sections.
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Now consider their product (1/? , z/jj ). Clearly, this product has support S; N S;.
For simplicity, we extend the discrete connection 7 to arbitrary pairs ij in such way
that n; = id and 7;; : L; — L; is zero whenever {i, j} ¢ X. With this convention,
Eq. (5) yields

(D) = () 1y (W)} xex; exp(—1 / ) ®)

P
A

where 2 denotes the constant piecewise-smooth curvature form associated to £2.

Now, let us express the integral over A Z on a given n-simplex. Therefore consider
an n-simplex o = {iy, .. ., i,}. The hat functions x; , . . ., x;, yield affine coordinates
on o and we can express any 2-form with respect to the basis forms dx;; A dx;,. One
can show that

:tl " — i ’
/dx,a Ny, = {72 foro ijikie
o 0 else.
Thus we obtain

Q= 20

1<j<k<n

dxij AN dx,»k .

ioi jix

Now we want to compute the integral over the triangle A{; ;, C 0. By Stokes
theorem,

i 14 io
/ dx,»_/. VAN dx,-k :/ Xi; dx,-k +/ Xi; dxik +/ Xi; dxik,
Al io i 4
0'1

where the integrals are computed along straight lines. A small computation shows

1
dxi; A doxi, = 5 (9 % (P) = 0w xi, (),

Vd
Ai(]il

Thus, for j < k, we get prb dx;; Ndx;, = %6]1‘ x;, (p) and hence
o1

2 = E 2 Qioijik /
p p
Ai()i] 1<j<k<n Ai()il

dxi; Ndx;, = Zgioilijxij (p),
J

where we have used the convention that £2 vanishes on all triples not representing
an oriented 2-simplex of X. With this convention Eq. (8) becomes

(7, 0y = (g, mij i) xix; exp(—1 D Qujuxs).- ©)
k
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1o oS5 oo

Fig. 7 The graph of the norm of a piecewise-linear section of a bundle over a torus consisting of
two triangles. Its two smooth parts fit continuously together along the diagonal. In this example the
curvature of the bundle over each triangles is equal to 47. Note that the section has 4 zeros—just
as predicted

In particular, using Eq.(9), we can compute the norm of a piecewise-linear
section ¢ on a given triangle ijk. Therefore we distinguish one of its vertices, say
i, and write ¢ with respect to a section which is radially parallel with respect to i.
Now, one checks that

91 = lei +xj(c; P — i) + xp(cre™ D — ),

where ¢;, ¢j, cx € C are constants depending on the explicit form of Y. An example
of the norm of a piecewise-linear section is shown in Fig. 7.

As the next proposition shows, the identification of discrete and piecewise-linear
sections perfectly fits together with the definitions in Sect. 8.

Proposition 11.5 Ler ¢ € I'(L) be a discrete section and let 1Z S (L) be the
corresponding piecewise-linear section, i.e. 1; = 1(¥)). Then, if z/? has no zeros on
edges, the discrete rotation form £V and the piecewise-smooth rotation form f{p are
related as follows: For each oriented edge ij,

$=L&

Proof The claim follows easily by expressing ¥ with respect to some non-vanishing
parallel section along the edge ij. (]

In particular, by Theorem 8.1, the index form of a non-vanishing section of a
discrete hermitian line bundle with curvature counts the number of (signed) zeros
of the corresponding piecewise-linear section of the associated piecewise-smooth
bundle.
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Let us continue with the computation of the metric on I"(L). To write down the
formula we give the following definition.

Definition 11.6 Let X be an n-dimensional simplicial manifold and let £ € £2?
(X, R). To an n-simplex o and vertices i, j, k, [ of X we assign the value

2
05 k.1 vol( )/xkxl exp —1 Z.Qljmxm

where we have chosen for integration an arbitrary discrete metric on X.

Remark 11.7 Note that the functions ©%, ; are indeed well-defined. On a simplex,

any two such measures induced by a discrete metric differ just by a constant.
With Definition 11.6 and Eq. (9) we obtain the following form of the metric:

Theorem 11.8 (Product of Discrete Sections) Let L be a discrete hermitian line
bundle with curvature §2 over an n-dimensional Euclidean simplicial manifold X,
then the product on I' (L) induced by the associated piecewise-smooth hermitian
line bundle is given as follows: Given two discrete sections ) = >_. i, ¢ = > ¢;,

Z:U/ (%’ 771](¢t where Ml(]z = Z @Ulj(l,j) vol (o).

{i,j}DoeX,

Note that @f’ i j(k, 1), and hence ug, can be computed explicitly using Fubini’s
theorem and the following small lemma, which can be shown by induction.

Lemma 11.9 Lerc € C,, n € Nand [a, b] C R be an interval. Then

‘ b

b n—k
/ x"exp(cx)dx = n! (Z(— D ((C x) k)') exp(cx) .

Next, we would like to compute the Dirichlet energy of a section 15 € Fpl(f,), ie.
~ =12
Ep()) = / Vo~
X

Note, that the Dirichlet energy comes with a corresponding positive-semidefinite
hermitian form (., .))p—called the Dirichlet product. Clearly, like the metric, the
Dirichlet product is completely determined by the values it takes on concentrated
sections.

In general, if ¥ #0is piecewise-linear section concentrated at i, it is given on
the vertex star S; as a product z/; = X; q~5, where x; denotes the barycentric coordinate
of the vertex i and (;3 is a local section radially parallel with respect to i. Clearly,

Vi) =dx; ¢+ 1% w; P,
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where w; denotes the rotation form of &, ie. V(E = 1w; qE Note here that w; does not
depend on the actual value of 1/~) at i, but is the same for all non-vanishing piecewise-
linear sections concentrated at i.

To compute the rotation form w; at a given point py € S;, we use a local section
¢ which is radially parallel with respect to po such that ¢,, = qNSPO. Then we can

express ¢ in terms of (, i.e.

¢ =2z¢,

for some piecewise-smooth C,-valued function z defined locally at po. Clearly, |z|
is constant, and hence

1ilpy Ppo = VO o dzlpy Cpo +2(p0) Vil = dlogzl,, dpy = 1dargzl y dpy.

The clue is that we can now use the relation of parallel transport and curvature to
obtain an explicit formula for z. If p is sufficiently close to pg, then the three points
p, i and pg determine an oriented triangle A” which is contained in a simplex of X.
Its boundary curve -y, consists of three line segments 71, 2, 73 connecting p to i,
i to po and pg back to p. Hence on each of these segments either q~$ of ( is parallel
and

Cp = P%(q;p) = exp(z/ f))gép.

AP

Thus we obtain that z(p) = exp(—t fA,, K~2) and hence

po - _d(Al’ Q)

Now, if A7 is contained in a simplex o = {iy, . .., i, }, one verifies that

Wi

Po

1
/ dxi; Ndx;, = z(xi,(Po)Xik (p) — xi,(po)xi, (p)).
AP

Thus,

= Z Z“Qioijikd(/ dx,']. /\dx,»k)
po

d(/M )

1<j<k=<n ar Po
= E Rigi i (xi,dxi, — xidx;)|
I<j<k<n Po

= Z (Z Rigiiy Xy ) dxi,

1<j<n k#j

Po
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and, using the convention on 2 from above, we find the following simple formula:

w = Z(Zk“gijkxk) dxj’&, (10)

J

where we sum over the whole vertex set of X.

Now, given this local form expressions, we can finally return to the computa-
tion of the products which we are actually interested in. Therefore we consider two
piecewise-linear sections concentrated at the vertices i and j:

P =), P = u(h)),

for some v; € L; and¢; € L;. On their common support S; N S; both section can be
expressed, just as above, as products of a real-valued piecewise-linear hat functions
x; and x; and radially parallel local sections ¢' and ¢/:

J =xi<f~>i, W =xj<13j-
Clearly,

(dx;j¢’ +1xjw; ¢, dxid' + 1xiw; ¢)

D
L

(dxj +1xjwj, dx; +1x0;) (¢, &)
With Eq. (9) we see that
(@7, 0"y = (W, 1y (W) exp(—1 D Rijmxm).
Moreover, by Eq. (10),
(dx.j +lxjwj7 dx; +1x;wi) =[(de, dx;) + Z .Qik/l/ijq,xjx,'xl/xl,(dxk/,dxk,>]
KLk
+1 [Z(Qik’l’xixl’ (dxj,dxyp) — 82 jppxjxp{dxy, dm)]-

kU

The constants (dx;, dx;) are basically provided by the following lemma.

Lemma 11.10 Let 0 = {vy, ..., v,} be a Euclidean simplex of dimension n > (0
and let x; denote its barycentric coordinate functions. Then

1
gradx; = —h—N,-,

i





